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1. Introduction

Tibor Czibere [1] extended Kármán’s Two-Dimensional Similarity Hypothesis,
created in the first half of the 20th century, to the three-dimensional case, because turbulence
phenomena is always three-dimensional. Earlier scientists had tried to express turbulent stress,
similar to viscous stress, as a quantity proportional to deformation velocity, but according to
the new Three-Dimensional Stochastical Turbulence Model, the Reynolds’ stress tensor is not
related to the tensor of the deformation velocity, but to the vorticity of the mean flow. It gave
birth to new turbulent vortex theorems, based on the Friedmann Conservation Law of Vector
Tubes, in case of turbulent flow of constant density of the fluid, thus a) the vortex lines do not
indicate conservational properties either in the mean velocity field or in the velocity field of
turbulent fluctuation, therefore, the vorticities spread and diffuse in both velocity fields; and
b) vortex diffusion is caused, on the one hand, by the viscosity of fluid and, on the other hand,
by turbulence, thus vortex diffusion appears even in case of turbulent flow where viscosity is
reduced to zero [1], [2]. Several such numerical methods are known, based on the solution of
vorticity transport equations, in case of determination of the velocity field of laminar flows. In
an extention to these afore mentioned and well-known procedures, this Ph.D. thesis
demontrates a numerical method based on the solution of turbulent vorticity transport, using
Czibere’s Differential Equation.

2. Aim of the Ph.D. thesis

The aim of this Ph.D. thesis is to work out a numerical method for the computation of
the velocity field of rotationally symmetric, unrotation steady turbulent shear flows, in case of
two nondissecting coaxial rotationally symmetric surfaces in a determined rotationally
symmetric domain. The solution is reached by using the new Partial Differential Equasion of
Turbulent Vorticity Transport, in the mean velocity field based on the Stochastical Turbulence
Model. The advantages of this method of solution is that a) pressure, like an unknown value,
can not be found in the Differential Equation of Turbulent Vorticity Transport; and b) there
already exist well-known numerical methods in the case of  solutions to laminar flow tasks.

Governing equations of turbulent flow tasks are described in the Orthogonal
Curvilinear Coordinate System and during computations curve length coordinates are used.
Linear elements and curvatures of the discretized meridional section have to be known,
therefore it was also reasonable to work out a mesh generation method for a two-dimensional
second-order continuous curvilinear orthogonal coordinate network system.

3. Solution of the task

During computations, Czibere's Stochastical Turbulence Model will be applied. In the
turbulence model, a described natural coordinate system ′ ′ ′q q q1 2 3, ,  (Figure 1.) is attached to the
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mean velocity field of the flow, where there exists a relationship between the turbulent
vorticity magnitude and the dominant shear stress near the wall. The base vectors are
determined by v and rot v vectors. The second coordinate vector is determined as v × rot v and
the third as the negative of rot v vector. The first coordinate vector is given by the vectorial
product of the previous two, that is 321 eee ′×′=′ .

Figure 1.
The natural orthogonal curvilinear coordinate system

in the three-dimensional turbulent boundary layer

According to the applied Stochastical Turbulence Model the Reynolds’ Stress Tensor
can be written as

222 Ωκρ HF lR =                (1)

where ρ is the density of the fluid, κ = 0,40704 is the Kármán-constant, l is an appropriately
chosen scale function of the turbulence model, H is the similarity tensor of turbulence, and Ω
determines the magnitude of the vorticity vector.

The Reynolds’ Momentum Equation can be written based on the applied Stochastical
Turbulence Model in the next form:

            ( )∗++∇−=∇⋅+ Gvvvv  Div    )(  
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where Π = + +U p pR( ) ρ  expresses the full potential of the incompressible fluid, which is
the sum of the field of force potential and the pressure potential, η is the dynamic viscosity, Θ
is the dominant turbulent shear stress, and the G∗  tensor is the transformation of the deviator
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H∗  of the H tensor of the natural coordinate system into the q q q1 2 3, ,  computational
coordinate system. The previous momentum equation is demonstrated by the curl operation:

         ( ) ( ) ( )∗×∇+=∇⋅−∇⋅+ Gvv  Div1   
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which is the new turbulent vorticity transport, Czibere’s Differential Equation in the mean
velocity field, where υ η ρ=  is the kinematic viscosity of the fluid. The differential
equations Eqs. (2) to (3), give two different ways of solving the turbulent flow tasks. The
second method was chosen during numerical solution, because the Π full potential can not be
found in the Eq. (3) other than an unknown value. The streamfunction Ψ is introduced based
on the continuity equation, and from the non-zero equation of azimuthal component of the
vorticity vector can be obtained an elliptical type inhomogeneous partial differential equation
for streamfunction. The velocity components can be expressed by derivation from the
streamfunction. This way a closed system can be set up, of partial differential equations, for
the numerical solution of the flow task in case of the unknown values Ψ and Ω. The dominant
turbulent shear stress in the right hand side of the Eq. (3) is computed by the algebraical
equation of applied turbulence model. The partial differential equation of the task is reduced
to discretized system of linear equations based on the finite difference method.

Figure 2.
The coordinate network which was used during computations
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During the mesh generation procedure, contour curves bounding the meridional
section to be examined are given by sets of discrete points on the (r,z) plane. These points
have random errors, therefore Nyíri’s Smoothing Procedure [7], [8] should be applied. The
first and second derivatives in the smoothed points are calculated by the fourth-order Newton
polynomials and fifth-order Hermite polynomials and are fitted onto the points, thus it is
required for the second-order continuous. On the centers of the circles osculating the contours,
a smooth curve will be fitted, then the new curves will be generated in a similar way. The
procedure is to be continued until a sufficiently dense set of curves will constitute as
coordinate lines. Finally, the orthogonal coordinates to the previous set will be constructed.
The orthogonal trajectories are determined by the field of direction. The result of these
iterations will be the curvatures of coordinate lines beside the coordinates of discrete points of
the computational network.

A computed coordinate network mesh generation method can be show in Figure 2. The
results of the numerical solution of flow task are compared by J. Nikuradse’s (1932) [3] and J.
Laufer’s (1954) [4] measurements. The results are also compared, measurements [5], [6], with
the help of the cooperation of Department of Fluid and Heat Engineering at the University of
Miskolc with the University of Magdeburg in Germany.
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4. Scientific results

I. A numerical method has been worked out, in the instance of the computation of two
nondissecting coaxial rotationally symmetric surfaces determined rotational symmetric
domain where can be found a rotationally symmetric unrotation steady turbulent shear
flow, with the solution of vorticity transport equation of Czibere’s Partial Differential
Equation [1]. This method is an extension of the well-known Laminar Flow Solution in
literature pertaining to turbulent flow. The efficiency of this method can be shown by the
comparison with other methods and measurements.

I.1. The solution of the Partial Differential Equation System of the vorticity transport
equation, added to the continuity equation in consideration to the new turbulent term,
was reduced to a numerical solution of two system of linear equations based on the
finite difference discretization. The turbulent dominant shear stress in the new
turbulent term, was computed by the algebraical equation of an applied turbulence
model. The method was tested using a proprietory developed C source code program.

I.2. The numerical solution developed, is suitable for, a) computation of the velocity field
of rotationally symmetric unrotation laminar flows; b) determination of the velocity
field of two-dimensional laminar and turbulent flows; and c) computation of the
velocity field of rotational symmetry for the special case of plane potential flow.

II. It is an applied orthogonal curvilinear coordinate system and the curvatures of coordinate
lines are appearant in the discretized system of linear equations, therefore, it is suitable for
working out a mesh generation method which can compute the curvatures beside the
computation of the network points of a coordinate system.

II.1. A new second-order continuous mesh generation numerical method was worked out,
for determining an orthogonal curvilinear coordinate network with applied iteration.
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5. Utilization of results and possibilities of future development

It is very relevant nowdays to apply computer simulation to the practice of mechanical
engineering, because, in spite of some expensive and unsafe measurements, changing
boundary conditions and typical parameters of the physical task, many technical problem can
be analysed in this way. The numerical method devised is suitable for numerical solutions of
rotationally symmetric unrotation steady flow tasks in the rotationally symmetric domain. The
numerical results compared to other numerical methods and measurements, show very good
agreement. The numerical procedures worked out, can be effectively applied in the case of the
design of turbomachineries and the analysis of meridional flows. It seems to be a practial
extension of the two-dimensional second-order continuous mesh generation method and the
Stochastical Turbulence Model to the computation of three-dimensional flows.
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