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Abstract: A statistical inversion method was developed to determine the model parameters 

describing the borehole environment from laterolog measurements. Five types of laterolog 

tools were applied to estimate the optimal values of the model parameters, their dispersion, 

the correlation coefficients and the data error. For three-parameter inversion the model 

parameters were the resistivity of the far zone (Rt), the resistivity of the invaded, flushed 

zone (Rx0) and the relative diameter of the invasion (D), while for two-parameter inversion 

Rx0 was fixed and considered to be equal to the apparent resistivity from microlaterolog 

measurement. Based on the inversion of synthetic data it was established that (1) estimated 

data error approximates well to the additive error, (2) the higher the additive error, the larg-

er the dispersion of the model parameters, (3) dispersions of the model parameters from 

two-parameters inversion are lower than from three. Two-parameter inversion was applied 

to calculate Rt and D in a borehole drilled for hydrocarbon (HC) exploration. Lower esti-

mated dispersion of D and Rt was found in the HC-saturated bed, where the contrast of the 

resistivity of the far zone and the invaded zone is more pronounced. 
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1. INTRODUCTION 

  
 

Figure 1. Radial resistivity variation from the borehole axis (solid line)  

and the applied three-layered resistivity model (dashed line) 
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The main goal of the quantitative evaluation of the electric well logging is to de-

termine the resistivity of the drilled strata sequence. It is especially important in 

hydrocarbon (HC) exploration, since the HC saturation can be calculated from the 

rock resistivity. 

The role of focused electric probes (laterologs or focused induction probes) has 

gradually increased over the last decades, as they are less distorted by the finite 

thickness of beds than normal electric probes reserving the same radial sensitivity 

(e.g. [1], [2], [3]). The logs measured by focused electric tools are evaluated using 

so-called butterfly diagrams or their digital analogues. Thus, the resistivity of the 

undisturbed far zone Rt and the diameter of the invaded zone dx0 can be computed. 

For the evaluation of several laterolog measurements FÖLSZ [4] presented the solu-

tion of the direct problem. The evaluation and the effectiveness of the combination 

of different laterolog measurements were published in BARLAI [5], [6]. Figure 1 

delineates the three-layered resistivity model applied in this study, where Rm, Rx0 

and d denote the resistivity of the mud, the invaded zone and the borehole diame-

ter, respectively, while r is the radial distance from the borehole axis. 
 

Table 1  

Two-type evaluation (ML–PLH and OL–PLH) of the laterolog combination 
 

       ML–PLH OL–PLH 

Layer 
H 

[m] 

R(MLL) 

[Ωm] 

R(OL) 

[Ωm] 

R(PLR) 

[Ωm] 

R(PLH) 

[Ωm] 

R(ML) 

[Ωm] 

Rt
 

[Ωm] 

D 

 

Rt
 

[Ωm] 

D 

 

1 3.2 6.8 145 13.5 135 140 530 4.3 170 2.2 

2 1.5 6.2 22 4.5 18 12.5 40 4 30 3.5 

3 1.7 6.5 27.5 6 23 16.4 52 4.5 38 3.2 

4 5.5 6.2 32.5 7 30.2 17.7 60 3.5 42 3.2 

5 1.1 3.2 17.5 4.9 20.1 12.8 43 3.6 20 1 

6 1.9 6.2 24 6 27.5 15 52 3.7 26 1 

7 1.3 7 60 6.8 45 27.5 100 3.5 80 3.1 

8 6.5 6.5 50 8 45 20 75 2.9 63 2.5 

9 2.2 11.2 100 12 80 115 450 4.6 170 2.8 

10 10.2 8.2 55 9.5 45 22.5 80 3.5 71.5 3 

11 2.2 6.5 40 7.5 45 17.5 60 3 45 2 

12 9.6 5.5 7.5 3.5 9 6 18.8 3 – – 

 

Based on the evaluation routine it was observed that different diagrams give differ-

ent results for Rt and the relative diameter of the invaded zone, D = dx0/d. This is 

well illustrated in Table 1, adopted from the report entitled ‘Evaluation of resistivi-

ty using Perkov curve system’ [7]. A sketch of the laterolog tools (MLL – micro-

laterolog, OL – optimal laterolog, PLR – short pseudolaterolog, PLH – long pseu-

dolaterolog, ML – deep laterolog) is drawn in Figure 2. The evaluation was ac-

complished based on ML–PLH and OL–PLH combinations (Figure 3) and the 

results are shown in the last columns of Table 1 for 12 layers with different thick-

ness of H. The difference between the results from ML–PLH and OL–PLH dia-

grams for the true resistivity (Rt) and the relative diameter of the invasion (D) may 
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exceed 15–20% for all layers but in some cases it is much higher (e.g. layers 1 and 

9). The OL–PLH combination does not give solution for layer 12 because the point 

lies outside of the butterfly diagram. Obviously, if a third combination were con-

structed, the solution would differ from the results of the former two. 

 

 
Figure 2. The sketch of studied laterolog types. OL: optimal laterolog, PLH: long pseu-

dolaterolog, PLR: short pseudolaterolog, ML: deep laterolog, MLL: microlaterolog. A and 

B are current, M and N are monitor electrodes. Distances are given in meters 

 

 

 
 

Figure 3 

Butterfly diagrams for ML–PLH (left) and OL–PLH (right) laterolog combinations 
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Discrepancies can be deduced from the difference of the idealized theoretical mod-

el and the reality, since the model only approximates the complexity of the reality. 

Several probes reflect dissimilarly the model–reality deviation. The question is 

raised: Which evaluation is correct? How to get an optimal solution based on dif-

ferent results? How reliable/accurate is the solution? This paper offers a method to 

compute an optimal solution that corresponds to the different laterolog measure-

ments. 

 

 

2. METHOD 

The essence of the statistical evaluation method is that a probabilistic variable is 

prescribed for the difference between the solution of the idealized model and the 

measured data. The statistical evaluation method gives the estimation of the expec-

tation value and the dispersion providing information about the accuracy of the 

results obtained. This is called quality-controlled inversion. 

The statistical evaluation of measured data is well known and frequently applied 

e.g. in experimental physics. In geophysics the works of HALFIN [8] and GOLCMAN 

[9] are fundamental. In Hungary statistical evaluation has been successfully used in 

geoelectric exploration [10], [11]. It is worth mentioning the work of INMAN [12] 

and of GLENN and WARD [13], [14] who applied the method in geoelectric surveys. 

In well logging Schlumberger [15], Dresser Atlas [16], and [17] applied statistical 

evaluation methods.  

 

2.1. Mathematical model 

If the geological and physical model described exactly the reality, and the meas-

urement were errorless, the measured data, di and theoretical solution of the direct 

problem, gi(m) would be equal for all measurements i in model parameter field m. 

However, the measurement always entails errors and the model only approximates 

the real environment; thus, the values di and gi(m) will be never identical. The 

measured and calculated values differ,  
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where di and gi(m) denote the measured and calculated laterolog resistivities for the 

tool of i=1…n and єi is the error, which is assumed to be random. 

It is supposed that єi errors have n-dimensional normal distribution, the proba-

bility density function of which is  
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where C is the covariance matrix of the data [18] and T superscript denotes the 

transpose of the error vector. Logarithmic scale was used for the inversion of the 

electric measurements, logarithmically scaled resistivities are assumed equally 

weighted and uncorrelated. To solve the inversion problem the maximum likeli-

hood estimation method was applied, 
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The task is to determine the parameter vector m, which reproduces the measured 

data with the highest probability.  

Due to the normal distribution of the errors, the maximum likelihood estimation 

method is equivalent to the least squares method. This means that for determining 

the estimation of m, the condition 
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must be satisfied, where Ri
(M) and Ri

(C) denote the measured and calculated resistivi-

ty for the measurement of i. Whereas λ is not a linear function of the model param-

eters m, the minimization can be achieved by approximative algorithms, e.g. con-

jugate gradient, simulated annealing, or simplex method [19]. By minimizing λ in 

Equation (4) the estimation of m is determined, and from the value of λ the vari-

ance of the measurements (σ0
2) and the covariance matrix of the model parameters 

can be calculated, including the estimation of the standard deviation, σ(mi) and the 

correlation coefficients ρ(mi,mj). Since the inversion was done on a logarithmic 

scale, the estimated model parameters are 

 

 ),log,(log 0 DRR xt

T m . (5) 

 

The resistivity of mud (Rm) and the borehole diameter (d) are supposed to be 

known from other logs so they are fixed during the inversion. The resistivity of the 

invaded zone can be obtained from microlaterolog measurements; thus, Rx0 can be 

fixed as well. During the inversion with two free parameters the model vector of 
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is estimated. There are numerous methods to solve the laterolog direct problem 

(e.g. [20], [21], [22]). However, during the minimization the direct problem solu-

tion must be done many times, so the linear filter theory developed by GHOSH [23] 

was applied to accelerate computation.  

 

 

3. APPLICATION OF THE DEVELOPED INVERSION METHOD 

3.1. Inversion of simulated measurements 

Two models of shallow (D = 3) and deep (D = 6) invasion with additive error of 5, 

10 and 20% were investigated. All four macrolaterologs (OL, PLH, PLR and ML) 

were taken into account to estimate the model parameters and their dispersions and 

correlation coefficients by inversion. Three-parameter inversion was used to evalu-

ate Rt, Rx0 and D, then two-parameter inversion was applied to estimate Rt and D, 

while Rx0 was supposed known. Results are listed in Table 2. Exact model parame-

ters are indicated in the row entitled Model for shallow (left, D = 3) and deep 

(right, D = 6) invasion. The next row describes the values of the additive errors. 

Then the estimated model parameters follow with their estimated deviations con-

verted to linear scale. (e.g. Rt = 498 Ωm and 1.10 represent the error interval of 

(453 Ωm, 548 Ωm) for Rt). It is followed by correlation coefficients (ρ) between 

the estimated model parameters and the estimation of the data error (σ0). The inver-

sion procedure is reapplied when Rx0 is fixed (two-parameter inversion). 

 
Table 2 

Estimation of the model parameters (Rt, D, Rx0) with their dispersion, correlation  

coefficients (ρ) and the estimated data error (σ0) for three and two parameters 

INVERSION FOR THREE PARAMETERS 

Model D = 3, Rx0 = 20 Ωm, Rt = 500 Ωm D = 6, Rx0 = 20 Ωm, Rt = 500 Ωm 

Error 5% 10% 20% 5% 10% 20% 

Rt [Ωm] 498 1.10 504 1.10 449 1.15 501 1.05 492 1.15 471 1.25 

D 3.0 1.05 3.1 1.16 2,9 1.25 6.1 1.05 6.0 1.21 5.5 1.28 

Rx0 [Ωm] 20 1.26 18 1.71 19 2.33 20 1.07 21 1.29 14 1.56 

ρ(Rt, D) 0.57 0.56 0.58 0.85 0.84 0.76 

ρ (Rt, Rx0) 0.34 0.35 0.35 0.62 0.61 0.53 

ρ (Rx0, D) 0.86 0.87 0.86 0.82 0.82 0.80 

σ0 [%] 5 14 21 4 12 21 

INVERSION FOR TWO PARAMETERS 

Rt [Ωm] 501 1.04 505 1.07 473 1.12 494 1.04 511 1.12 445 1.19 

D 3.1 1.03 3.1 1.07 2.9 1.11 5.9 1.04 6.3 1.10 5.9 1.13 

ρ (Rt, D) 0.55 0.55 0.60 0.73 0.77 0.72 

σ0 [%] 5 10 17 4 10 17 
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Conclusions from Table 2 are as follows: 

▪ Calculated σ0 approximates well to the additive error. 

▪ Increasing error enhances the dispersion of the model parameters, but does 

not affect substantially the correlation coefficients. 

▪ Dispersions of the model parameters are lower for two-parameter inversion 

than for three. 

▪ For three-parameter inversion ρ(Rx0, D) is high, indicating that the increased 

resistivity in the invaded zone is compromised with the farther ‘far zone’. 

▪ For deep invasion (D = 6) ρ(Rt, D) is higher (than for shallow invasion), be-

cause higher far zone resistivity is balanced by the farther ‘far zone’. 

▪ For deep invasion the dispersion of Rx0 is lower, since the current flows 

longer in the invaded zone. 

These observations agree well with the qualitative expectations. 

 

3.2. Evaluation of layer data 

Two-parameter inversion (Rt, D) was performed based on the data obtained from 

butterfly diagrams (Figure 3). The results from the quality-controlled inversion and 

the butterfly diagrams are compared in Table 3. Results for Rt and D are shown in 

the first and second part of the table, respectively. Columns OL–PLH and ML–

PLH repeat the results from the butterfly diagrams listed in Table 1. The middle 

number in the column entitled “Estimation” gives the estimation of the parameter, 

the numbers before and after it represent the parameter interval calculated by dis-

persion. The table reveals that the results from OL–PLH evaluation are close to the 

lower end of the range of deviation, while the results from ML–PLH evaluation are 

close to the higher end. In general, the evaluation from OL–PLH and ML–PLH 

diagrams harmonize with the interval of the deviation of the estimated parameters. 

 
Table 3  

Comparison of the results obtained from two-parameter inversion and butterfly diagrams 

(OL–PLH and ML–PLH) 

Layer 

OL–

PLH 

Rt [Ωm] 

ESTIMATION 

Rt [Ωm] 

ML–

PLH 

Rt [Ωm] 

OL–

PLH 

D 

ESTIMATION 

D 

ML–

PLH 

D 

1 170 188 304 492 530 2.2 1.7 2.5 3.7 4.3 

2 30 24 33 46 40 3.5 2.3 3.5 5.3 4.0 

3 38 35 44 55 52 3.2 2.4 3.2 4.3 4.5 

4 42 40 51 65 60 3.2 2.1 2.7 3.5 3.5 

5 20 25 32 41 43 1.0 1.9 2.5 3.3 3.6 

6 26 30 40 53 52 1.0 1.9 2.8 4.1 3.7 

7 80 59 86 125 100 3.1 2.0 2.9 4.2 3.5 

8 63 52 68 89 75 2.5 1.7 2.3 3.1 2.9 

9 170 158 268 456 450 2.8 2.4 3.8 6.0 4.6 

10 71.5 59 76 98 80 3.0 1.9 2.5 3.3 3.5 

11 45 41 56 78 60 2.0 1.5 2.2 3.2 3.0 

12 – 5 14 39 18.8 – 1.1 8.1 59 3.0 



92                                                    Attila Galsa–Dezső Drahos 

 
3.3. Evaluation of point-wise data of logs 

Two-parameter resistivity evaluation was made based on laterolog logs bored for 

HC exploration, that is Rt and D were estimated. Independently of the variability of 

the bedding logs were digitized at depth points located at 0.5 m intervals, an infi-

nitely thick layer model was fitted for the inversion of each depth point. Paying 

attention to our experience from the evaluation of synthetic data (Section 3.1) and 

real layer data (Section 3.2) it was observed that the expected parameter accuracy 

is at least 10–20%. Thus the inversion method was simplified. The substance of the 

method is that the interpreter – based on his/her geological knowledge – determines 

intervals of [Rt(min), Rt(max)], [D(min, D(max)] and [Rx0(min), Rx0(max)]. Within 

these intervals a logarithmically equidistant mesh is generated for the resistivities 

and the theoretical values of logR(C)(Rt,k, Dl, Rx0,m) are computed at each grid point 

(relative distance between grids is 7%). On the supposition that the values of 

R(MLL) correspond to Rx0, the plane Rx0,m0 nearest to the value of R(MLL) is se-

lected. On this plane 
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is calculated on the grid points. From these values the minimum is chosen; the 

model parameters belonging to this minimum provide the solution. The dispersion 

of the parameter is approximated by the difference quotient calculated from the 

adjacent grid points. The method of the minimum finding is sketched in Figure 4. 

 

 

 
 

Figure 4. Sketch of minimum estimation. The minimum value of λ on the plane of Rx0,m0 

gives the solution of the inversion for Rt and D 
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The result of the evaluation of the laterolog logs is shown in Figure 5. The log can 

be divided into three sections: 

1 2260–2282 m shale (marl); 

2 2282–2304 m sandstone saturated with HC; 

3 2304–2318 m sandstone saturated with water. 

 

From the calculated parameters (D and Rt) and their deviations [σ(D) and σ(Rt)], 

error intervals were determined and visualized in the logs with the form of D-σ(D), 

D, D + σ(D) as well as Rt – σ(Rt), Rt, Rt + σ(Rt). 

 In the shale zone, large error is observed for D owing to the fact that the 

diameter of the invasion is meaningless in a homogeneous environment. In the HC-

saturated section the error interval is thin, demonstrating that the estimation for D 

is well defined. The reason for that is the high resistivity ratio of Rt and Rx0. In the 

 
 

Figure 4. Sketch of minimum estimation. The minimum value of λ on the plane of Rx0,m0 gives the solution of 

the inversion for Rt and D 

 
 

Figure 5. Measured laterolog logs (below: PLH, PLR, OL, MLL) and result logs (D, 

Rt) from two-parameter statistical inversion method. Result logs are characterized  

by their error intervals (shaded). Average standard deviation of the result logs and the 

correlation coefficient of the model parameters for the HC-saturated (2282–2304 m) 

and water-saturated (2304–2318 m) zones are indicated. 
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water-saturated layer this contrast is much lower; thus, the deviation of D is higher 

again. In the HC-saturated bed the average deviations are σ(D) = 1.16 and σ(Rt) = 

1.11, the correlation coefficient is ρ(D, Rt) = 0.84. In the water-saturated zone they 

are σ(D) = 1.90 and σ(Rt) = 1.15 and ρ(D, Rt) = 0.94. The estimations for σ(Rt) are 

lower, and especially small in the bed with HC content. 

 

 

4. DISCUSSION AND CONCLUSIONS 

The main goal of the study was to investigate the statistical inversion evaluation of 

laterolog measurements. The advantage of the statistical method is that it provides 

quality-controlled results, and it points out the uncertainty of the solution due to the 

always existing errors. In order to apply the evaluation method the direct problem 

must be solved many times, thus the linear filter theory developed by GHOSH [23] 

was applied. 

First, synthetic erroneous data were inverted and the error propagation was in-

vestigated. It was established that at least 15–20% deviation is probable for real 

data. Based on the inversion results the estimation of Rx0 is very uncertain for 

three-parameter evaluation. Therefore, the use of the two-parameter inversion is 

suggested in practice, where the resistivity of the invaded zone is fixed, 

Rx0=R(MLL). 

Inversion method of laterolog logs was developed for industrial application, 

where the minimum finding was simplified. Here the resistivity values were calcu-

lated at discrete grid points in a three-dimensional model domain (Rt, D, Rx0). The 

minimum between the calculated and measured resistivities [Equation (7)] deter-

mined the parameter estimations and their deviations. Inverted model parameters 

were more accurate when the resistivity contrast between the invaded and far zone 

was large, that is, in the HC-saturated zone. 

We note that the deviation of the resistivity of the far zone σ(Rt) propagates to 

the water saturation via e.g. the simplified Archie formula, 
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S 0 , (8) 

 

where Sw and R0 denote the water saturation of the far zone and the resistivity of 

the water saturated rock, respectively. Following the rule of the error propagation 

the relative deviation of the water saturation is 
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which means that only half of the relative deviation of Rt contributes to the relative 

deviation of Sw. 
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LIST OF SYMBOLS 

Symbol Description Unit 

C covariance matrix of the data Ωm-2 

d borehole diameter m 

D relative diameter of the invaded zone, dx0/d – 

di measured resistivity of the i-th laterolog log Ωm 

dx0 diameter of the invaded zone m 

gi calculated resistivity of the i-th laterolog log Ωm 

H layer thickness m 

L maximum likelihood function – 

m model parameter vector – 

n number of laterolog tools – 

R apparent resistivity Ωm 

R(C) calculated apparent resistivity Ωm 

R(M) measured apparent resistivity Ωm 

R0 resistivity of the rock saturated by water Ωm 

Rm resistivity of mud Ωm 

Rt resistivity of the far zone Ωm 

Rx0 resistivity of the invaded zone Ωm 

Sw water saturation – 

єi error of the i-th laterolog log Ωm 

λ objective function to be minimized – 

ρ(mi,mj) correlation coefficient between parameter mi and mj – 

σ(mi) dispersion of the model parameter mi – 

σ0 estimated data error % 
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