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Abstract: A new inversion approach is presented for the interpretation of engineering geo-

physical sounding logs. In shallow structures, the water, sand and clay content can be esti-

mated by the interval inversion method. Gas volume is derived from the inversion results. 

All penetration sounding data along the entire borehole is evaluated in one joint inversion 

process. The highly overdetermined interval inversion method gives accurate, reliable and 

stable results for the petrophysical parameters. The method can be easily upgraded by using 

arbitrary basis functions for the discretization, in which a series expansion method is used 

to describe the vertical distribution of the petrophysical parameters. The interval inversion 

method is numerically tested by using real penetration sounding data measured in the 

Bátaapáti test site. 

 

Keywords: engineering geophysical sounding, interval inversion, series expansion, petro-

physical parameter. 

 

 

1. INTRODUCTION 

Cone Penetration Tests (CPT) complemented by geophysical measurements can be 

effectively used for the in-situ investigation of shallow unconsolidated structures. 

Several soil parameters can be observed in penetration holes with a special feature 

that only the steel tube isolates the probe from the formation, and the measured 

data are transferred through the rods pushed into the ground. A Hungarian direct-

push method called Engineering Geophysical Sounding (EGS) allows the meas-

urement of different geophysical parameters such as electric resistivity, natural 

gamma radioactivity, bulk density and neutron-neutron intensity [1]. The EGS 

technique using all suitable logs gives quantitative information on the composition, 

porosity, shale content and water content of the unsaturated sediments. EGS data 

processing mostly incorporates deterministic, point-by-point inversion or factor 

analysis methods adapted from oilfield well-log interpretation [2], [3], [4].  

In the point-by-point inversion procedure, the petrophysical properties as un-

knowns are determined separately at each depth using the data measured at the 

same point [4]. If the zone parameters are assumed constant, we have slightly more 

data than unknowns, thus, a marginally overdetermined inverse problem must be 

solved. In contrast, the interval inversion procedure is used to invert a data set of a 
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larger depth interval to estimate the model parameters for the same interval. In 

addition to the large quantity of data, the number of model parameters can be high-

ly reduced by using a series expansion discretization technique; thus, the inverse 

problem will be overdetermined. In this study, the interval inversion method is 

applied to EGS data and tested in a Hungarian measurement area.  

 

 

2. POINT-BY POINT INVERSION 

The rock matrix of groundwater formations is composed of coarse and fine grain 

components, while their pore space is saturated with freshwater and air. The model 

vector of inverse problem is composed of the soil parameters given below  

 

  T,,, gwscl VVVVm , (1) 

 

which contains the volumetric ratios of clay (Vcl), sand (Vs), water (Vw) and gas 

(Vg), T is the symbol of matrix transpose. In environmental studies, usually natural 

gamma radioactivity (GR), formation density (DEN), neutron-porosity (NPHI) and 

resistivity (RES) data are measured by EGS instruments. The following response 

equations can be used for calculating the theoretical (TH) EGS data [2] 

 

 ssclcl GRVGRVGRTH  , (2) 

 

 ssclclww ρVρVρVDENTH  , (3) 
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where the physical constants of rock constituents and pore-fluids are indicated by 

cl (clay), s (sand), w (water), g (gas) ρ denotes mass density, ΦN is neutron porosi-

ty, and textural parameters a = 1, k = m = 2 were chosen as default values repre-

senting the tortuosity factor, saturation exponent, and cementation exponent, re-

spectively. For a more accurate evaluation, in unconsolidated rocks, the cementa-

tion component is used as m < 2 [5]. The calculated EGS data are arranged in the 

vector d(cal). Similarly to Equations (2)–(5), the measured data vector in a given 

depth is 

 

  T(obs) ,,, RESNPHIDENGRd . (6) 
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In point-by-point inversion, after the calculation of theoretical logs, an independent 

local inversion procedure is solved in each depth. The objective function is chosen 

as the weighted square of the Euclidean norm of the difference between the meas-

ured and calculated data  

 

      min, )cal((obs)T)cal((obs)  ddWddWeeWee
TΩ . (7) 

 

The elements of weight matrix W are inversely proportional to the variances of the 

measured EGS logs (d) representing the accuracy of measurements 
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d,1 ,,,diag  Nσσσ W , (8) 

 

where N is the number of applied sounding tools. To increase the over-

determination of the inverse problem, the gas volume is calculated by the 

material balance equation Vg = 1  Vw  Vcl  Vs. Having four data types against 

three unknowns, the above presented inverse problem is overdetermined. We can 

use the weighted least squares method for the solution of the local inverse problem 

[6], which gives a solution to the model vector 

 

   (obs)T1T
WdGWGGm


 , (9) 

 

where G is the Jacobi’s matrix. The local inversion method includes the calculation 

of the estimation errors of the volumetric soil parameters [6]. The above method is 

fast, but quite sensitive to data noises. To improve the accuracy of inversion esti-

mation, we increase the over-determination ratio by using the interval inversion 

method.  

 

 

3. INTERVAL INVERSION 

Dobróka [7] developed the interval inversion method, which gives an estimate of 

the petrophysical properties and the layer boundaries in a highly overdetermined 

inverse problem. The petrophysical parameters are assumed as functions of depth 

and discretized using a series expansion method 
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where 
 i
qB is the q-th series expansion coefficient used for describing the i-th soil 

parameter (i=1,2,…M), where M is the total number of petrophysical parameters, 
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Qi is the number of necessary expansion coefficients, q  is the q-th depth-

dependent basis function. In this study, we use the Legendre polynomials as basis 

functions. The zero-th, first and n-th degree Legendre polynomials (Pn) are the 

following  

 

   10 xP ,  (11) 
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The above set of functions is orthogonal in the interval of –1 and 1. By using Equa-

tions (10) and (13), a much lower number of expansion coefficients can be used 

than EGS data. The unknowns of the inverse problem are the series expansion co-

efficients. The solution is given by the minimization of the distance between the 

measured and calculated data using Equation (7). Having estimated the expansion 

coefficients by the interval inversion procedure, the soil parameters are derived by 

Equation (10). Similarly to Menke’s method [6], once we know the data error, we 

can determine the estimation of error of soil parameters. The covariance matrix of 

the soil properties can be derived from the error of the series expansion coeffi-

cients. Dobróka et al. [8] defined the depth-dependent covariance using the error 

propagation law 
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where B is the vector of series expansion coefficients (i=1,2,…,M, j=1,2,…,M, 

h=n+Q1+Q2+…+Qi-1, h’=m+Q1+Q2+…+Qj-1). The first diagonal elements of 

Equation (14) represent the variances of soil parameters. We can easily deduce the 

correlation coefficient of petrophysical parameters from Equation (14), which 

characterizes the reliability of the estimated parameters for the entire processing 

interval 
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In addition to the above characteristics, we can define more metrics that provide 

information of the convergence of the inversion process. The deviation of the cal-

culated and measured data can be characterized with the relative data distance 
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where N is the total number of sounding tools, S is the total number of measure-

ment points. 

 

 

4. CASE STUDY 

The interval inversion method is tested using real EGS data measured in Bátaapáti, 

Hungary The formations contain loose clay and loessy sand saturated with air and 

water. Natural gamma-ray intensity (GR), density (DEN), neutron-porosity (NPHI) 

and resistivity (RES) logs are available for interval inversion. The physical varia-

bles observed in a penetration hole (Hole 6) and their errors are plotted in Figure 1. 

The accuracy of measured data is given after Drahos [4]. The standard deviation of 

the EGS logs are assumed as σ1 = 0.22 kcpm, σ2 = 0.07 g/cm3, σ3 = 0.04 V/V, σ4 = 

2.1 ohm-m. 

 

 

Figure 1. EGS logs measured in Hole 6, Bátaapáti 

 

The model parameters (Vw, Vs, Vcl) are discretized by using Equation (10). The 

degree of Legendre polynomials for all petrophysical parameters is set to 40. The 

vertical coordinates were transformed into the range of 1 and 1, and after inver-

sion were scaled back to the range of 2 and 22 (m). The data set of the whole 

length of the borehole was processed in one inversion procedure. The development 
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of convergent is continuous, thus, the inversion procedure is stable (Figure 2). The 

correlation coefficients of the series expansion coefficients show reliable inversion 

results; the average correlation is 0.16, which is significantly smaller than that of 

traditional point-by-point inversion methods (0.5).   

 
Figure 2. Convergence of the data distance in the interval inversion procedure 

 

 

 
Figure 3. Correlation matrix of series expansion coefficients  

as inversion unknowns 
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The correlation matrix of estimated model parameters is illustrated in Figure 3. 

The indices correspond to the ordinal number in vector B. The mean correlation of 

0.22 indicates highly reliable inversion results. The first 41 number of expansion 

coefficients refer to the water volume, the second to the sand content and the last to 

the clay volume. Except for the expansion coefficients related to the same order, 

the correlation between the inversion unknowns is remarkably small. 

 

 

Figure 4. Model parameters is estimated by interval inversion in Hole 6 Bátaapáti 
 

 

The interval inversion results and the petrophysical parameters such as water vol-

ume, sand volume and clay volume with their estimation errors are plotted in Fig-

ure 4. The well logs of the estimated soil parameters show accurate inversion re-

sults. The estimation errors are σ5 = 3.4% (for the water content), σ6 = 6.6% (for the 

volumetric ratio of sand) and σ7 = 4.1% (for the volumetric ratio of clay). The inver-

sion tests demonstrate a highly acceptable inversion approach. For better resolu-

tion, higher degree basis functions should be used; however, it is important to keep 

in mind that this will reduce the overdetermination ratio and estimation accuracy. 
 
 

5. CONCLUSIONS 

An interval inversion method adapted from oilfield applications is proposed for the 

evaluation of EGS measurements. From interval inversion, it is possible to obtain a 

reliable estimate for the water, sand and clay content of near-surface layers. In 
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contrast with the point-by-point inversion procedure, the interval inversion method 

provides the results with greater accuracy and reliability. The interval inversion can 

be further improved if some soil parameters are given from multivariate statistical 

methods (e.g. from factor analysis), which are fixed during the interval inversion 

procedure. This statistical approach results in even better accuracy. Another possi-

bility is the automated estimation of layer-boundaries and zone parameters by the 

interval inversion procedure; several attempts at this have been made at the De-

partment of Geophysics (University of Miskolc) in hydrocarbon well-log analysis.  
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LIST OF SYMBOLS 

Symbol Description 

a tortuosity factor 

B vector of series expansion coefficients 

Bq
(i) q-th series expansion coefficient for describing the i-th soil  

parameter 

Dd relative data distance 

d(cal) calculated data vector 

d(obs) measured data vector 

DEN measured formation density 

DENTH theoretical formation density 

e vector of prediction errors 

G Jacobi's matrix 

GR measured natural gamma intensity 

GRTH theoretical natural gamma intensity 

GRcl natural gamma intensity of clay 

GRs natural gamma intensity of sand 

k saturation exponent 

m cementation component 

m model parameter vector 

M total number of petrophysical parameters 
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Symbol Description 

N number of sounding tools applied 

n degree of applied Legendre polynomials 

NPHI measured neutron-porosity 

NPHITH theoretical neutron-porosity 

Pi i-th degree Legendre polynomials 

Qi number of necessary expansion coefficients 

RES measured resistivity 

RESTH theoretical resistivity 

Rcl resistivity of clay 

Rw resistivity of pore water 

S total number of measurement points 

Vcl clay volume 

Vg gas volume 

Vs sand volume 

Vw water volume 

W weight matrix in data space 

N,cl neutron porosity of clay 

N,s neutron porosity of sand 

N,w neutron porosity of water 

cl mass density of clay 

s mass density of sand 

w mass density of water 

d,i standard deviation of i-th measured data 

1 standard deviation of natural gamma-ray intensity 

2 standard deviation of density 

3 standard deviation of neutron porosity 

4 standard deviation of resistivity 

5 estimation errors for water volume 

6 estimation errors for sand volume 

7 estimation errors for clay volume 
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Symbol Description 

q q-th depth-dependent basis function 

 objective function to be minimized 
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