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Abstract: The frequency of shortage occurrence depends on the accidental impact of several factors, 
so the occurrence of a stock shortage is an event that cannot be planned with full certainty. This means 
that the factors causing the shortage and the occurrence of the expected shortage can be defined only 
with random variables.  By detailing the connection between the fluctuation of demands and the safety 
stocks, we will present the impact of quantitative factors, and we will analyze the connection between 
supply accuracy and safety stocks along the time factors. By walking around the periodic and continu-
ous stock review models during our analysis, we will present the relations between the safety stocks 
and the fluctuation of supply accuracy and also the effect of the demand-changes. We will define the 
formula for the quantification of the safety stock as well as the occurring costs in connection with stock 
management and stock shortage. 
Keywords: change of demands; shortage, standard normal distribution; random variable, stochastic, 
cost 

 

1. INTRODUCTION 

All production companies require for operation the acquisition of items from external re-

sources, and their arrival by the specified deadline. When the stock replenishment can be 

exactly on time realized, the level of the closing stock, the quantity of the placed order and 

the actual date of the order can be clearly defined with the knowledge of the initial stocks, 

the production demand and the restocking of supplies. However, this initial condition is very 

rare in practice. There are several unpredictable factors influencing the supply accuracy that 

will affect the operation of the production company. The objective of the logistics manage-

ment is to guarantee the stock level required for the adequate handling of production at the 

lowest possible level of costs [1]. 

The importance of supply accuracy on the inventories and supply chain efficiency is 

growing. The operation research and the management sciences literature includes a huge 

number of methods and models to support the design, optimisation and control of purchasing 

processes from the point of view supply accuracy [2]. 

The integration is a core problem of supply in the field of logistics, because the processes 

of purchasing and production have bidirectional effects. The integration of the first two func-

tional parts of logistics (purchasing, production) is especially important in the case of multi-

stage supply [3]. 

The supply chain problem includes a wide area of decisions: supplier selection [4], pay-

ment management of supply processes [5], coordination of multi-level, vendor managed in-

ventory systems [6], consignment stock management [7], risk management of supply chain 

and stock management [8]. The modelling of supply processes can be described from the 
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point of view analysis and optimization of warehouses, and there are important sources pro-

posing approach to reduce inefficiencies using value stream mapping [9]. The supply chain 

accuracy is influenced by the size, operation and scheduling of fleet [10]. It means, the control 

of the supply processes includes external and internal factors to be optimised. Within the 

frame of this paper authors are focusing on the supply accuracy on the inventories. 

 

2. THE STOCHASTIC TIME AND QUANTITATIVE FACTORS AS RANDOM VARIABLE  

In practice, several unexpected events can lead to a shortage of stocks, e.g. excess usage due 

to a reject occurred for any reason within the production process, stock deviation, late deliv-

ery due traffic obstacles, stocks with inappropriate quantity or quality etc. These factors can 

be classified along two main groups. The first group of factors includes uncertainties related 

to time, events the occurrence of which affect the availability of stocks in time. The other 

group of factors includes quality-related impacts, the occurrence of which causes a stock 

level modification of an unanticipated extent. 

The impacts in both factor groups can have two directions. This means that in the case of 

the time factor, supplies ahead of the schedule can happen along with delays in delivery, and 

in the case of quantitative factors, along with an unexpected excess usage, the stock discov-

ered during an inventory can lead to the increase of the stock level. Accordingly, the chal-

lenges for some of the impacts are the management of the stock shortage and its consequence, 

and for impacts with the opposite direction, the challenges are the consequences related to 

the increased stock level. 

Along the two groups of factors, we present the relations related to the avoidance of stock 

shortage, and the method of decreasing the occurrence level of the stock shortage to an ac-

ceptable level. 

 

2.1. The relationship between the deterministic changes of demands, delivery perfor-

mance and the stock level  

As a simplified model, Figure 1 shows the inventory mechanism and the modification of 

stocks in case of a deterministic demand and stock replenishment.  

 

 

Figure 1. Development of stock level in case of deterministic demand and replenishment time  
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The initial conditions of the model include the continuous use at a steady pace, a steady t 

periodic supply, the minimum stock level Qmin equal to zero starting from the inadmissible 

stock shortage and the zero safety stock, and the Q reorder quantity until the admissible Qmax 

maximum stock level. The calculable τ replenishment time and the ti date of receipt determine 

the latest tr date, when the order must be placed [11]. The Qr stock level assigned to time tr 

represents the minimum stock level that covers the usage within the time period necessary 

from the placement of the order until the actual receipt of the ordered quantity [12] [13]. 

 

2.2. Continuous stock review in case of stochastic replenishment period  

By using the principle of ceteris paribus, we carry out the analysis by emphasizing one initial 

condition of the model, the development of the arrival time of purchased parts. In this case, 

the model changes to the extent that we allow a deviation in any direction and of any extent 

between the lengths of the different periods, by specifying that the demand of the respective 

period is continuous and constant within the period (almost stationary) [11]. 

The simplified stock management model showed on Figure 1 and characterized with a 

deterministic stock replenishment time and a utilization with constant intensity can be com-

pleted with the maximum extent of the deviation of supply accuracy in two directions, so that 

Figure 2 is modelling the deviations occurring compared to the planned utilization. Since the 

direction and extent of the deviation compared to the plan is stochastic, i.e. it cannot be ex-

actly defined in advance, thus the development of the actual arrival date and of stocks can be 

determined only with random variables that are represented on the Figure 2 by the probability 

density functions of the standard normal distribution. 

 

 

Figure 2. Continuous stock review in case of stochastic replenishment period 
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Since the fluctuation of supply accuracy has a stochastic character, the possible results 

are random variables equivalent to the standard normal distribution. 

In case we only keep stocks to cover the demands of the planned length of the period, 

according to our stock management strategy, the delayed receiving of the purchased parts 

compared to the planned ti’ arrival date would result in a drop to zero of the stocks before the 

ti date of receipt. This is inacceptable in case we start from a strategy that does not allow a 

stock shortage, a certain amount of safety stock (Qss) should be kept in order to avoid the 

risks and costs due to delayed deliveries. 

 

2.3. Periodic review in case of stochastic change of demands  

In the next model we carry out the analysis by emphasizing one initial condition of the model, 

the development of the utilization demand. In this case, the model changes to the extent that 

we allow a deviation in any direction and of any extent between the demands of the different 

periods, by specifying that the demand of the respective period is continuous and constant 

within the period (almost stationary) [11]. 

The simplified stock management model showed on Figure 1 and characterized with a 

deterministic stock replenishment time and a utilization with constant intensity can be com-

pleted with the maximum extent of the demand change in two directions, so that Figure 3 is 

modelling the deviations occurring compared to the planned utilization. Since the direction 

and extent of the deviation compared to the plan is stochastic, i.e. it cannot be exactly defined 

in advance, thus the development of the actual utilization demand and of stocks can be de-

termined only with random variables that are represented on the Figure 3 by the probability 

density functions of the standard normal distribution. Since the fluctuation of demands has a 

stochastic character, the possible results are random variables equivalent to the standard nor-

mal distribution.  

 

 

Figure 3. Periodic review in case of stochastic change of demands 

In case we only keep stocks to cover the planned demands, according to our stock man-

agement strategy, the increae of the actual utilization demand compared to the plan would 
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result in a drop to zero of the stocks before the ti date of receipt. This is inacceptable in case 

we start from a strategy that does not allow a stock shortage, a certain amount of safety stock 

(Qss) should be kept in order to avoid the risks and costs due to excess consumption (Figure 

4.). 

 

 

Figure 4. The relations of the periodic review 

Since the expected value of the utilization demand and the fluctuation of utilization are 

random variables due to the impact of future events with unpredictable outcomes, the devel-

opment of the Qmax stock level will be a random variable as well. The probability of a maxi-

mum stock level of a given period to be equal to the planned Qmax stock level, is equal to the 

difference of the F(q)–F(μ) probabilities, i.e. P(q = μ). 

 

3. THE EFFECT OF THE SAFETY STOCK ON THE OCCURRENCE PROBABILITY OF 

THE STOCK SHORTAGE 

The density function detailed on Figure 5 shows the probability of occurrence of actual quan-

tities, which reflects that the frequency of occurrences is more typical around the expected 

value, while their probability decreases towards the two ends of the function [14] [15] [16] 

[17]. 

The Figure 5 shows clearly that the extent of the given stock level covering the demand 

can be defined in relation to any arbitrary qn stock level and the actual demand. The stock 

level above the actual demand is the safety that covers the fluctuation of demands. The safety 

stock level can be calculated with the following formula: 
 

𝑄𝑠𝑠 = 𝑞𝑛 − 𝜇 (1) 

where 

𝑄𝑠𝑠 – safety stock level,  

𝜇 – actual demand, or the expected demand value, 

𝑞𝑛 – arbitrary stock level. 
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Figure 5. The effect of the safety stock on the occurrence probability of the stock shortage 

The formula above demonstrates that the safety stock can have a negative level, if we 

allow the probability of the occurrence of a stock shortage during our stock management 

strategy to reach an extent where the stock we keep in certain periods is not enough to cover 

the planned demands: 

 

𝑞𝑛 < 𝜇    𝑖𝑛 𝑐𝑎𝑠𝑒 𝑜𝑓    𝑄𝑠𝑠 < 0 (2) 

 

In the knowledge of the standard deviation and the expected value, the probability of the 

occurrence of a shortage can be defined in relation to any utilization demand and stock level. 

In case we adjust the stocks only to the planned demand level, i.e. we do not keep a safety 

stock (𝑞𝑛 = 𝜇), the probability of the occurrence of a shortage in case of a demand with 

standard normal distribution will correspond to the probability of the non-occurrence of the 

shortage (Figure 6). Since the combined probability of the two possible results is 100%, the 

following relation is valid: 

 

𝑃(𝑠ℎ𝑜𝑟𝑡𝑎𝑔𝑒) = 𝑃(𝑐𝑜𝑣𝑒𝑟𝑎𝑔𝑒) = 0,5 (3) 

 

The distribution function on Figure 6 shows the probability of the coverage of demand 

fluctuations in relation to the changes of the stock level. The probability of the occurrence of 

the shortage decreases proportionally with the increase of the safety stocks; however, the 

complete safety can be guaranteed only by a stock with an infinite level. The introduction of 

the distribution function is justified by the fact that the function reflects well the probability 

of the occurrence of the stock shortage in connection with the stock level. The probability 

can be expressed as a risk as well, to which actual costs can be assigned. 
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Figure 6. The probability of the coverage of demand fluctuations in relation to different stock level 

4. THE RELATION OF STOCK SHORTAGE AND STOCK MANAGEMENT COSTS AS A 

FUNCTION OF THE STOCK LEVEL 

The relations shown in connection with the stock level can be applied during the definition 

of costs as well. During the modelling of costs arising in connection with the avoidance of 

stock shortage, we do not calculate with the purchase costs in order to simplify the process. 

This is also justified by the fact that the use of purchase costs and stock management costs 

was already necessary for the definition of the steady periods and the economically efficient 

order quantity defined on Figure 1 as initial conditions. Another reason to ignore the purchase 

costs is that within the model we assume that every demand arising during the whole period 

and the fluctuations are covered with the stock, however, the total quantity of the demands 

does not change, and there will be deviations only in the extent of demands of the different 

periods due to fluctuations. Accordingly, a smaller stock must be reordered in one period due 

to a smaller demand, and a bigger stock in another period. Similarly, the purchase costs fluc-

tuate as well, but these fluctuations will level out within the analyzed period. 

During the analysis of costs, we will quantify only the relations between the stock man-

agement and the stock shortages. The density function on Figure 7 and the inverse distribu-

tion function on Figure 8 show the phase of stock management, where the stock levels can 

reach a higher or similar level than the expected value of demands. Figure 7 shows that in 

case the stock level has a value higher by one standard deviation than the value of the demand, 

the probability of the stock shortage decreases by 34.1%. As a relation, we can state that 

starting from the symmetric functions, the fluctuation of the demands as defined in relation 

(3) reflect a smaller utilization in case of 50% of the outputs compared to the plan, thus a 
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stock level higher by 1 standard deviation than the expected value of demands decreases the 

probability of the stock shortage's occurrence by 84.1%. 

 

 

Figure 7. Probability of stock shortage in case of a stock that exceeds the level of expected demand 

The probability of the stock shortage assignable to the different stock levels can be shown 

on a continuous monotonically decreasing inverse distribution function (Figure 8). The 

higher the stock level, the lower the probability of a shortage and thus the costs of stock 

shortage, and at the same time, the higher the costs related to stock management.  

 

 

Figure 8. Probability of stock shortage in case of a stock that exceeds the level of expected demand 
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In order to quantify the optimum stock level within our stock management strategy, we 

can define the level of costs caused by a stock shortage with a certain extent. Different prob-

ability values can be assigned to different stock levels, and these probability values can be 

represented with the help of standard normal distribution tables. In case the probability of the 

stock shortage is a random variable, the level of the assigned costs will be a random variable 

increased by a factor, and this factor will price the costs arising from the shortage’s proba-

bility. Figure 9 shows the costs in relation to the different stock levels.  

 

 

 

Figure 9. The relation of stock shortage and stock management costs as a function of the stock level 

After drawing the costs of stock management onto the diagram, we can define the relative 

movement of the two costs. By assuming a cost-minimizing rational decision, a stock level 

should be targeted where the combined costs of stock shortage and stock management are 

minimal. When presenting the functions, it should be emphasized that since the costs of stock 

shortage were deduced from the values of the distribution function, the optimum point of the 

combined costs are not necessarily positioned at the intersection of the stock management 

and stock shortage functions. 
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The optimum point of the combined costs can be defined by calculating the extreme val-

ues after deriving the function. The stock level for the optimum combined costs is where the 

stationary point of the continuous function of a single variable is at the same time monoton-

ically increasing.  

To simplify the model, we indicated the costs of stock management with the line starting 

from the initial point. However, in practice, the stock level and the attributable holding costs 

do not equal zero at a 50%-value of the distribution function. He have to mention that the 

diagram reflects the safety stock created to decrease the uncertainties in the time factor and 

the quantitative factors, so it presents the development of the stock level that is necessary to 

avoid the occurrence of the shortage beyond the stock level assigned to the planned demand 

and the lead time. The connection on Figure 9 shows that the by a zero level of the safety 

stock, the average stock level can be quantified by normal operation, and the costs of stock 

management can be defined as well. 

The following tasks must be performed when defining the stock level enabling a contin-

uous operation by an optimal cost level: 

– First, the service level of our stock management strategy has to be defined, i.e. the 

frequency of shortage acceptance 

– The different cost elements must be priced, thus the development of the holding 

costs must be defined in relation to the stock level, and the consequence of the short-

age occurrence must be quantified. The consequence of shortage cannot be defined 

with full certainty in practice, since a certain amount of uncertainty is always in-

volved. The majority of processes within the organization, such as the minus pro-

duction time due to a missing part, the readjustment of the production line for an-

other product can be delimited. However, factors outside the organization, e.g. the 

deterioration of the company’s judgement by the clients and the absence of future 

orders are completely unknown consequences. 

– In the knowledge of the relations between cost elements and stock level, the function 

of the complete costs must be drawn up, and a minimum value must be set. 

– The stock level assignable to the minimum value of total costs must be defined. We 

can see that the function of total costs has its minimum value at the point where the 

rise of the stock shortage function corresponds to the rise of the stock holding func-

tion. Accordingly, we can imagine the rare case in practice, where the costs of stock 

shortage have a lower rise in every phase of the function than the stock holding 

function, negligible stock shortage costs can occur in extreme cases, a fact that 

shows that the function of total costs has its minimum value by negative values of 

the safety stock. In practice, this means that the stock would not cover any part of 

the planned demand, thus from the point of view of costs it is more beneficial for 

the enterprise to allow the occurrence of a stock shortage to the detriment of the 

satisfaction of planned demands in some cases, since the consequence of the occur-

rence of stock shortage is smaller than the sacrifice of stock holding would consti-

tute. 

– We must define the extent of the expected probability of a stock shortage occurrence 

by an optimal safety stock level assignable to the minimum value of the total cost 

function.  
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– We must analyze the relation of the probability of the allowed stock shortage by the 

planned service level and the probability of occurrence of the expected stock short-

age by the optimization of costs.  

– In case these two probabilities are not identical, and the result reflects that the prob-

ability of the shortage by the optimization of costs is higher than the probability of 

the shortage with acceptable extent related to the foreseen service level, the neces-

sary decision must be made to keep the planned service level despite of the increase 

of costs, that is, we optimize the costs by a lower service level. 

 

5. SUMMARY 

The more stringent expectation we define towards the frequency of stock shortages in our 

stock management strategy, the higher the expenses will be for the avoidance of the stock 

shortage.  

In case of stochastic demands we can guarantee the achievement of the target level in two 

directions: 

– we can decrease the uncertainty of the demand fluctuation with a more accurate 

forecast.  

– we can increase the safety stocks to cover the fluctuating demands. 

 

In case of stochastic delivery performance we can work on the achievement of the target 

level by two methods: 

– with a stricter supplier qualification, we can reduce the uncertainty of supplies, 

– we can increase the safety stocks to cover the fluctuating arrival date of purchased 

parts. 

 

The management of utilization demand changes and stock replenishment time changes of 

unpredictable extents urges the management of the production company to reach a compro-

mise. The shortage of stocks can cause serious disturbances in the production supply and 

customer service, the costs of which are often unquantifiable. The avoidance of stock short-

ages is an important objective for every organization; however, it would be possible only 

with the management of an infinite stock level due to the stochastic nature of demands and 

delivery performance. Stock management also has costs, thus the definition of an optimum 

stock level is a task for an enterprise, where the combined costs of stock management and 

stock shortage show the lowest possible level. 

 
ACKNOWLEDGEMENTS 

This research was partially carried out in the framework of the Centre of Excellence of Mechatronics 

and Logistics at the University of Miskolc. 

 

REFERENCES 

[1] KOLTAI, T.: Production Management (in Hungarian). Published by Typotex Kiadó, Budapest, 

2009, ISBN 978 963 279 035 0, ISSN 1787-9655. 

[2] WANG, Y–WALLACE, S. W.–SHEN, B.–CHOI, T. M.: Service supply chain management: A review 

of operational models. European Journal of Operational Research, Vol. 247, No. 3 (2015), 685–

698. 



16                                             János Korponai–Ágota Bányai–Béla Illés 
 

 
[3] MASOUD, S. A.–MASON, S. J.: Integrated cost optimization in a two-stage, automotive supply 

chain. Computers & Operations Research, Vol. 67 (March), 2016, 1–11. 

[4] CARDENAS-BARRON, L. E.–GONZALEZ-VELARDE, J. L.–TREVINO-GARZA, G.: A new approach to 

solve the multi-product multi-period inventory lot sizing with supplier selection problem. Com-

puters & Operations Research, Vol. 64 (December), 2015, 225–232. 

[5] ZHOU, Y. W.–WEN, Z. L.–WU, X.: A single-period inventory and payment model with partial 

trade credit. Computers & Industrial Engineering, Vol. 90 (December), 2015, 132–145. 

[6] LEE, J. Y.–CHO, R. K.–PAIK, S. K.: Supply chain coordination in vendor-managed inventory sys-

tems with stockout-cost sharing under limited storage capacity. European Journal of Operational 

Research, Vol. 248, No. 1 (2016), 95–106. 

[7] ZAHRAN, S. K.–JABER, M. Y.–ZANONI, S.–ZAVANELLA, L. E.: Payment schemes for a two-level 

consignment stock supply chain system. Computers & Industrial Engineering, Vol. 87 (Septem-

ber), 2015, 491–505. 

[8] CEDILLO-CAMPOS, M. G.–CEDILLO-CAMPOS, H. O.: Security risk level classification of stock 

keeping units in a warehouse. Safety Science, Vol. 79 (November), 2015, 358–368. 

[9] DOTOLI, M.–EPICOCO, N.–FALAGARIO, M.–COSTANTINO, N.–TURCHIANO, B.: An integrated ap-

proach for warehouse analysis and optimization: A case study. Computers in Industry, Vol. 70 

(June), 2015, 56–69. 

[10] SHA, M.–SRINIVASAN, R.: Fleet sizing in chemical supply chains using agent-based simulation. 

Computers & Chemical Engineering, Vol. 84 (January), 2016, 180–198. 

[11] CSELÉNYI, J.–ILLÉS B.: Planning and controlling of material flow systems (in Hungarian). Pub-

lished by Miskolci Egyetemi Kiadó, Miskolc, 2006, ISBN 963 661 672 8. 

[12] PREZENSZKI, J.: Warehousing-logistics (in Hungarian). Published by Ameropa Kiadó, Budapest, 

2010, ISBN 978-963-06-8670-9. 

[13] STOCKTON, D. J.–QUINN, L.: Identifying economic order quantities using genetic algorithms, In-

ternational Journal of Operation & Production Management. Vol. 13, 1993, 92–103. 

[14] KULCSÁR, B.: Industrial logistics (in Hungarian). LSI Oktatóközpont, Budapest, 1998, ISBN 963 

577 242 4. 

[15] KUMMER, S.–GRÜN, O.–JAMMERNEGG, W.: Basics of purchasing, production, logistics (in Ger-

man). Published by Pearson Studium, München, 2009, ISBN 978-3-8273-7351-9. 

[16] CSERNYÁK, L. (ed.): Probability theory – mathematics for business administration (in Hungar-

ian). Published by Nemzeti Tankönyvkiadó, Budapest, 1998, ISBN 963 18 8413 9. 

[17] KORPÁS, A. (ed.): Elementary statistics II. (in Hungarian). Published by Nemzeti Tankönyvki-

adó, Budapest, 1997, ISBN 963 19 5508 7. 


