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1. Abstract 
Acoustic velocity in rocks strongly depends on pressure which influences the mechanical, transport 
and elastic properties of rocks such as porosity and elastic moduli. Therefore a quantitative model – 
which provides the physical explanation – of the mechanism of pressure dependence is required. In 
this paper a petrophysical model is presented which provides the connection between the propagation 
velocity of longitudinal wave and rock pressure. Since porosity is an important parameter in the 
exploitation of hydrocarbons we developed also a model describing that of pressure dependence. The 
proposed models are based on the idea that microcracks in a rock in unit volume are closing with 
increasing pressure thus increasing velocity, decreasing secondary porosity and as a result decreasing 
total porosity can be measured. The models were applied to laboratory measured acoustic P wave 
velocity and porosity data sets as function of pressure – published in literature – and they were 
inverted to prove the applicability of the model and to obtain that of parameters. The quality checked 
inversion results showed that the calculated data matched accurately with measured data and also 
proved that the suggested petrophysical models perform well in practice. 
 
2. Introduction 
Due to the increasing demand for hydrocarbons and the depletion of the known 
hydrocarbon fields there is a growing claim to predict rock physical parameters more 
accurate at non-conventional conditions also. Geophysics has a wide palette to determine 
the required properties, for example acoustic velocity, porosity, permeability, elastic moduli 
and it is well known that pressure has a strong influence on them. To interpret seismic, 
acoustic well logging data and to relate laboratory measurement to in-situ parameters 
properly it is necessary to understand what the effects of pressure are to them. Therefore the 
investigation of pressure dependence of propagation wave velocity in rocks is in focus of 
researchers. Beside others WYLLIE et al. [1], STACEY [2], SENGUN et al. [3] published their 
results of measuring acoustic velocity under different load in laboratory. NUR and SIMMONS 
[4], YU et al. [5], HE and SCHMITT [6] used a test system with varying pore pressure. 
EBERHART-PHILLIPS et al. [7] tried to predict the P wave velocity based on only three 
parameters: porosity (Φt), shale content (C) and effective pressure (Pe) as 
 

)exp(-16,7P-(466,0C1,73-6,94-77,5 eet P+Φ=α .                               
(1)

 
 

They applied forward stepwise multiple regressions on measurement data sets to find 
the best-fitting empirical relationship. The phenomenon that the observable wave velocity 
is increasing because of increasing pressure is well-known and was explained in various  
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rock mechanical studies [5] [8] [9]. Such as that pore volume reduces with increasing 
pressure, thus increasing velocity can be measured [8]. One of the most frequently used 
mechanisms for explaining the phenomenon is based on the closure of microcracks in rocks 
under the change of pressure [3] [10]. 

General observation is that the relationship between velocity and pressure is nonlinear 
in the beginning phase of loading [5] [10] and often can be described with exponential 
function. In the literature several qualitative models are available [8] [11] [12] [13] to 
describe the pressure dependence of acoustic wave velocity but these empirical models do 
not explain the physical meaning of the process, they only give the regression function of 
the curve fitted to the measured data. To reasonably interpret laboratory measurements 
quantitative models – which provide the physical explanation of the mechanism of pressure 
dependence – are required. In this paper we introduce new petrophysical models describing 
the pressure dependence of acoustic velocity and porosity. 
 
3. The pressure dependent velocity model 
The response of rocks to stress depends on their microstructure, constituent minerals and 
porosity, which is manifested in pressure dependence of velocity of elastic waves. 
Following WALSH and BRACE [11] we assume that the main factor determining the stress 
dependence of the propagation velocity of P wave is the closure of microcracks. For this 
reason we introduce the parameter N as the number of microcracks in rocks in unit volume. 
The model is restricted only for uniaxial stress state. If a stress increase dσ is created in a 
rock let us assume that the change in the number of microcracks dN is directly proportional 
to the applied stress increase dσ. One can describe the two assumptions with the following 
differential equation 
 

σNdλ-=dN ,                                                                                                            (2) 
 
where λ is new material quality dependent petrophysical parameter. The negative sign 
represents that with increasing stress the number of microcracks decreases. The solution of 
the upper equation is 
 

)λσexp(-N=N 0 ,                                                                                                    (3) 
 
where 0N  is the number of microcracks related to secondary porosity at stress-free state (σ 
= 0). We assume also a linear relationship between the infinitesimal change of the 
propagation P wave velocity dα and dN 
 

dNκ-=αd ,                                                                                                               (4) 
 
where κ is a proportionality factor, a new material characteristic. The negative sign 
represents that the velocity is increasing with decreasing number of microcracks. 
Combining this assumption with Eqs. (2-3) we obtain 
 

σd)λσ-exp(Nκλ=αd 0 .                                                                                       (5) 
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Solving the differential equation one can obtain 
 

)λσ-exp(Nκ-K=α 0 ,                                                                                          (6) 
 
where K is an integration constant. At stress-free state (σ = 0) the propagation velocity α0 
can be measured and K can be computed from Eq. (6) as 00 - NK κα = . With this result 

and introducing the notation 00 Nκα =∆  Eq. (6) can be rewritten in the following form  
 

))λσ-exp(-1(αΔ+α=α 00 .                                                                               (7) 
 
Eq. (7) provides a theoretical connection between the P wave velocity and rock pressure. In 
the framework of the model, the velocity of acoustic wave increases from α0 (at zero 
pressure) to αmax= α0+Δα0 (at high pressure, when all microcracks are closed). So, Δα0 can 
be considered the velocity-drop caused by the presence of microcracks at zero pressure 
[13]. Note that in the range of high pressures, reaching a critical pressure the reversible 
range is exceeded and destruction of the sample may occur thus decreasing velocity can be 
observed. This effect is outside of our present investigations. Therefore this model is valid 
only in the reversible range. As it was mentioned λ is a new petrophysical constant, of 
which physical meaning is necessary to be given. Introducing the notation Δα = αmax-α, (the 
velocity-drop caused by the presence of microcracks at pressure σ Eq. (7) can be written in 
the form 
 

( )λσ-expαΔ=αΔ 0 .                                                                                              (8) 
 

Experiences denote that rocks show different velocity response to the same change in 
the rock pressure or in other words the velocity shows different sensitivity to pressure. 
Sensitivity functions are extensively used in the seismic, geoelectric, electromagnetic and 
well-logging literature. Hence we introduce the (logarithmic) stress sensitivity of the 
velocity-drop Δα = αmax–α as 
 

( )
( )
σd

αΔlnd
-=

σd
αΔd

αΔ
1

-=σS .                                                                            (9)
 

 
By using Eq. (8) it can be seen that 
 

( )
S=

σd
αΔlnd

-=λ ,                                                                                                (10) 

 
which shows that the petrophysical characteristic λ is the logarithmic stress sensitivity of 
the velocity-drop [14] [15]. 
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4. The pressure dependence of porosity 
Stress-dependent porosity has been widely studied at laboratory scale [12] [16] [17] [18], as 
it can significantly affect reserve estimates, well production rate and profitability. HAN and 
DUSSEAULT [19] found relationship among compressibility and total porosity change 
 

σ′d)Φ-1(C-=Φd tbct ,                                                                                 
(11)

 
 
where Cbc is the effective bulk compressibility, Φt is the total porosity, σ’ is the difference 
between total stress and pore pressure. The effective bulk compressibility is the sum of the 
pseudo-bulk and the matrix compressibility. It is well known that the total porosity (Φt) of a 
rock consists of the primary (Φ1) and secondary porosity (Φ2) 
 

21t Φ+Φ=Φ .                                                                                                 
(12)

 
 

The former one is related to the pores originated in diagenesis, while the latter one is 
connected to the microcracks in the rock.  

Similarly to the velocity model we assume that microcracks related to the secondary 
porosity are closed with loading. Following the same analogy used at the velocity model, it 
is obvious that if we increase the stress the porosity Φ2 is decreasing (microcracks are 
closing), i.e. 
 

σdΦλ-=Φd 22 ,                                                                                               (13) 
 
where λ is the same material quality dependent petrophysical parameter used at the velocity 
model. Solving the differential equation one can obtain  

)λσexp(-Φ=Φ )0(
22 ,                                                                                       

(14) 

 
where )0(

2Φ  is the secondary porosity at stress free state. With Eq. (14) the total porosity 
can be written as 
 

)λσexp(-Φ+Φ=Φ )0(
21t ,                                                                              

(15)
 

 
which describes that of pressure dependence. This model equation shows that the total 
porosity should tend to a limit value which is the primary porosity. 
 
5. Description of the samples  
To confirm the reliability of the model velocity and porosity data sets published by GOMEZ 
et al. [20] were processed. The pulse transmission technique [21] was used for P wave 
velocity measurements at 1 MHz frequency. During measurements - performed at dry 
conditions - the P transducers and receivers were matched to the end caps of the samples 
 



                  Modelling the pressure dependence of P wave velocity and porosity on sandstones         51 

 

and the travel time was measured (Figure 1). The velocity can be calculated easily from the 
sample length and the travel time. The error of the velocity measurements was around 1 % 
[20]. We tested our model on four different sandstone samples: Sample marked A11, A117, 
A82 and F410 respectively. Table 1 contains the main features of the samples.  
 

Table 1 

Properties of the samples. Data obtained from GOMEZ et al. [20] 

Sample Type Porosity (%) Permeability (mD) 

A11 Oligocene Fontainebleau sandstone 7 10 
A117 Oligocene Fontainebleau sandstone 11 103 
A82 Oligocene Fontainebleau sandstone 8 7 
F410 Oligocene Fontainebleau sandstone 6 1 

 
The measured velocity and porosity versus uniaxial pressure of the described samples 

are shown in Figure 2. Measurement data indicate that the velocity increases first strongly 
nonlinearly with increasing pressure (because the quantity of microcracks are relatively 
high in this region) then in the higher pressure domain the increase in velocity (with 
increasing pressure) is moderate which can be attributed to the decrease of microcracks in 
the rock sample. It can be seen that the decrease of total porosity is tend to a limit value. 
We suppose that this limit is the primary porosity which is not closed during loading. 

 

 
Figure 1 

Illustration of the pulse transmission technique 
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6. Case studies 
Proving the validity and applicability of the introduced velocity model, we present the 
interpretation of measurement data of the described samples. The 5 model parameters 
( (0)

2100 Φ,Φλ,,Δα,α ) can be determined by processing measurement data based on the 
method of geophysical inversion. Since λ is a common parameter a joint inversion process 
was used. The relevant data sets contained relatively low amount of noise and the problem 
was overdetermined, thus the Gaussian Least Squares Method was used. The inversion 
results for each sample can be seen in Table 2. For the characterization of the accuracy of 
inversion estimates, the estimation errors of individual inversion parameters are also 
provided within the brackets. Errors were calculated by using the method given by MENKE 
[22]. According to the method the elements of the main diagonal of covariance matrix in 
parameter space (cov(m)) provide the variances (σm) of model parameters, that means 
 

( )iimi
mcov=σ                                                                                               (16) 

 
gives the estimated error of the i-th model parameter (i = 1,2,3,4,5 in the given problem). 
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Figure 2 
Pressure dependence of P wave velocity and porosity. 

Data obtained from GOMEZ et al. [20] 
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Table 2 

Model parameters with estimation errors by linearized inversion 

Sample α 0 (km/s) Δα 0 (km/s) λ (1/MPa) 1Φ  (%) )0(
2Φ  (%) 

A11 3,21 (±0,07) 1,93 (±0,09) 0,096 (±0,013) 5,95 (±0,08) 0,83 (±0,14) 
A117 4,34 (±0,04) 0,73 (±0,05) 0,184 (±0,022) 9,38 (±0,05) 1,67 (±0,09) 
A82 4,79 (±0,02) 0,57 (±0,02) 0,119 (±0,004) 5,75 (±0,02) 2,27 (±0,03) 
F410 3,57 (±0,06) 1,43 (±0,07) 0,133 (±0,015) 5,43 (±0,03) 0,54 (±0,07) 

 
With the estimated parameters, the velocities and porosities can be calculated at any 

pressure by substituting them into the model equations [Eq. (7)/(15)]. The results are shown 
in Figure 3–6. The solid lines show the calculated velocity/porosity-pressure functions while 
symbols represent the measured data. One can see that the calculated curves fit well to the 
measured data which confirms the applicability of the physical models in practice. 

For the characterization of the accuracy of inversion estimates the RMS (Root Mean 
Square) value was calculated according to the following formula [22] 
 

( ) [%]100d-d
1-N

1
=D

2N

1=k

)c(
k

)m(
k

d
∑

d

,                                                            (17) 

where Nd is the number of measured points, dk
(m) is the measured velocity/porosity at the k–

th pressure and dk
(c) is the k–th calculated velocity/porosity data which can be computed by 

Eq. (7)/(15). 
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Figure 3 

P wave velocity and total porosity vs. uniaxial pressure of Sample A11.  
Measured data obtained from GOMEZ et al. [20] 
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Figure 4 

P wave velocity and total porosity vs. uniaxial pressure of Sample A117.  
Measured data obtained from GOMEZ et al. [20] 
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Figure 5 

P wave velocity and total porosity vs. uniaxial pressure of Sample A82.  
Measured data obtained from GOMEZ et al. [20] 
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To characterize the reliability of the suggested petrophysical models the mean spread 
[22] was also calculated by 
 

( )∑∑
M

1=i

M

1=j

2
ijij

AVG δ-corr(m)
1)-M(M

1
=S ,                                           (18) 

 
where δ is a Kronecker-delta symbol (which equals 1 if i = j, otherwise 0), M is the number 
of model parameters and corr(m) is the correlation matrix. Table 3 contains the calculated 
RMS and mean spread values for each sample in the last iteration step. 

 
                                                                                                   Table 3 

RMS and mean spread values 
 A11 A117 A82 F410 

D (%) 1,88 1,82 0,38 1,0 
SAVG 0,37 0,38 0,39 0,36 

 
It can be seen that the data misfits (RMS) were small and the mean spread values 

indicate that the parameters are in low-moderate correlation, but the inversion results are  
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Figure 6 

P wave velocity and total porosity vs. uniaxial pressure of Sample F410. 

Measured data obtained from GOMEZ et al. [20] 
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still reliable. These results confirm the accuracy of the inversion estimates and the 
feasibility of the developed petrophysical models.  
 
7. Conclusion 
In this paper based on Walsh and Brace’s theory, petrophysical models for calculating 
stress-dependent P wave velocity and porosity were developed. The advantage of the 
models is that they are not based on simple curve fitting, but give physical explanation for 
the process with three-parameter exponential equations. For the longitudinal velocity it 
states α = α0 + Δα0 (1–exp(–λσ)). α0 is the velocity at zero pressure, Δα0 is the velocity drop 
caused by the presence of microcracks and λ is a new petrophysical parameter. The pressure 
dependence of porosity can be described by the equation )λσexp(-Φ+Φ=Φ )0(

21t , where 

Φt is the total, Φ1 is the primary, )0(
2Φ  is the secondary porosity at stress-free state, λ is the 

same petrophysical constant as in the velocity model. Acoustic velocity and porosity 
measurement data of sandstone samples (chosen from the literature) were used to confirm 
the reliability of the model. By means of inversion-based processing the model parameters 
were determined from measurement data. Calculated data could be produced by using the 
petrophysical model. A very good correlation between measured and calculated data was 
found thus inversion results confirmed the accuracy and feasibility of the petrophysical 
models. 
 
8. Acknowledgement 
The research of Judit Somogyi Molnár was supported by the European Union and the State 
of Hungary, co-financed by the European Social Fund in the framework of TÁMOP 
4.2.4.A/2-11-1-2012-0001 ‘National Excellence Program’. The research of Anett Kiss was 
carried out in the framework of the Sustainable Resource Management Center of 
Excellence at the University of Miskolc, as part of the TÁMOP-4.2.2/A-11/1-KONV-2012-
0049 „WELL aHEAD” project in the framework of the New Széchenyi Plan, funded by the 
European Union, co-financed by the European Social Fund. 
 
9. List of symbols 
Symbol Description Unit 
C shale content – 
Cbc effective bulk compressibility 1/MPa 
corr(m) correlation matrix – 
cov(m) covariance matrix in parameter space – 
D Root Mean Square (RMS) % 
dk

(c) calculated velocity/porosity at the k-th pressure value kms–1,% 
dk

(m) measured velocity/porosity at the k-th pressure value kms–1,% 
dα change of propagation P wave velocity km/s 
dN change in the number of microcracks (per unit volume) – 
dσ stress increase MPa 
dΦ2 change in the secondary porosity % 
K integration constant – 
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Symbol Description Unit 
M number of model parameters – 
N number of microcracks in unit volume – 
Nd number of measured points – 
N0 number of microcracks at stress-free state – 
Pe effective pressure MPa 
SAVG mean spread – 
S(σ) stress sensitivity of velocity-drop 1/MPa 
α longitudinal (P) wave velocity km/s 
α0 longitudinal (P) wave velocity at stress-free state km/s 
αmax longitudinal (P) wave velocity at maximum pressure km/s 
δ Kronecker-delta symbol – 
Δα velocity-drop at pressure σ km/s 
Δα0 velocity-drop km/s 
ΔΦt total porosity change % 
κ proportionality factor km/s 
λ new material quality dependent petrophysical parameter 1/MPa 
σ stress MPa 
σ’ difference between total stress and pore pressure MPa 
σm estimated error of the i-th model parameter – 
Φt total porosity % 
Φ1 primary porosity % 
Φ2 secondary porosity % 

)0(
2Φ  secondary porosity at stress-free state % 
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