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Abstract 

 

Pressure strongly influences the mechanical, transport and elastic properties of rocks, such as acoustic 

velocity, porosity, and elastic moduli. Seismic and borehole logging techniques measure these rock 

properties in order to infer subsurface information. To relate changes in seismic attributes to reservoir 

conditions, a thorough understanding of pressure effects on rock properties is essential. Therefore it is 

important to develop a petrophysical model based on simple physical assumptions which describes the 

relationship between Lamé constants as well as acoustic velocities and pressure. In this paper we 

present a rock physical model based on the idea that the pore volume of a rock is decreasing with 

increasing pressure to describe the pressure dependence of P and S wave velocities thereby the Lamé 

constants. Laboratory measured acoustic P and S wave velocities as a function of pressure - published 

in literature - are inverted to prove the applicability of the model and to obtain that of parameters. The 

quality checked joint inversion results showed that the calculated data matched accurately with 

measured data and also proved that the suggested petrophysical model performs well in practice. 
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Introduction 

As a result of the increasing world market price of hydrocarbons, the utilization of non-conventional 

hydrocarbon accumulation has become very important. Thus the significance of petrophysical models 

for the quantitative description of the changes in seismic/acoustic characteristics due to pressure 

change in reservoir rocks is increased. General observation is that the compressional and shear waves 

in a rock vary with pressure - which have influence also on elastic properties - and this connection can 

be characterized best by exponential function. The observable wave velocity and elastic properties 

(i.e. Lamé constants, Young modulus) are increasing with increasing pressure which is manifested in 

internal cracks and pores in rocks (Birch 1960). Several empirical models exist to describe the 

pressure dependence of P and S waves, but these models usually provide the determination of the 

parameters of a suitably chosen formula based on mathematical regression method remaining the 

physical meaning unexplained (Ji et al. 2007). To reasonably interpret laboratory measurement data, a 

quantitative model - which provides the physical explanation - of the mechanism of pressure 

dependence is required. In the paper a petrophysical model for the description of the pressure 

dependence of Lamé constants and propagation velocities are presented. 

Pressure dependence of Lamé constants and acoustic velocities 

In the frame of the perfectly elastic medium model (in which the Hooke’s law is a special border-line 

case) the Lamé constants are considered as quantities locally interpretable in the given deformation or 

rather stress state. These parameters are connected to the phase velocity of longitudinal (α) and 

transverse (β) wave by the formulas 
 

ρ

μ2+λ
=α , 

ρ

μ
=β , (1) 

 

where μ and λ are the Lamé constants and ρ is the density of the media. To give the pressure 

dependence of Lamé constants - with the assumption of the constant Q model - first the pressure 

dependent velocities have to be determined. Following Birch’s (1960) qualitative considerations we 

assume that the main factor determining the pressure dependence of propagation velocity (both 

longitudinal and transverse) is the closure of pores, i.e. decreasing of pore volume. Due to increasing 

pressure - from the unloaded state -, first the large pores are closed in the rock sample then after the 

slower compression process of smaller pores, all pores are closed. Therefore we introduce the 

parameter V as the unit pore volume of a rock. The model is restricted only for uniaxial stress state. 

Since the base of the model is the change of pore volume (which is independent of the direction of 

loading) it can be applied also in case of P and S waves. If a stress increase dσ is created in a rock let 

us assume that the change of pore volume dV is directly proportional to the applied stress increase dσ 

and also the pore volume V. One can describe the two assumptions with the following differential 

equation 
 

σVdλ-=dV V   )σλexp(-V=V V0 , (2) 
 

where λV is new material quality dependent petrophysical parameter and V0 is the pore volume at 

stress-free state (σ = 0). The negative sign represents that with increasing stress the pore volume 

decreases. We assume also a linear relationship between the infinitesimal change of the propagation P 

wave velocity dα - due to stress increase - and dV 
 

dVκ-=αd P , (3) 
 

where κP is a proportionality factor, a new material characteristic. The negative sign represents that 

the velocity is increasing with decreasing pore volume. Combining this assumption with Eqs. (2-3) 

and solve the differential equation one can obtain 
 

σd)σλ-exp(Vλκ=αd V0VP   )σλ-exp(Vκ-K=α V0P , (4) 
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where K is an integration constant. At stress-free state (σ=0) the propagation velocity α0 can be 

measured and K can be computed from Eq. (4) as 0P0 Vκ-K=α . With this result and introducing the 

notation Δα0 =κPV0 Eq. (4) can be rewritten in the following form  
 

))σλ-exp(-1(αΔ+α=α V00 . (5) 
 

Eq. (5) provides a theoretical connection between the propagation velocity and rock pressure. In the 

framework of the model, the velocity of acoustic wave increases from α0 (at zero pressure) to αmax= 

α0+Δα0 (at high pressure, when all the pores are closed). So, Δα0 can be considered the velocity-drop 

caused by the presence of pores at zero pressure (Ji et al. 2007). Note that in the range of high 

pressures, reaching a critical pressure the reversible range is exceeded and destruction of the sample 

may occur thus decreasing velocity can be observed. This effect is outside of our present 

investigations. Therefore this model is valid only in the reversible range. As it was mentioned λV is a 

new petrophysical constant, of which physical meaning is necessary to be given. Introducing the 

notation Δα=αmax-α, (the velocity-drop caused by the presence of pores at pressure σ) Eq. (5) can be 

written in the form 
 

( )σλ-expαΔ=αΔ V0 . (6) 
 

Experiences denote that rocks show different velocity response to the same change in the rock 

pressure or in other words the velocity shows different sensitivity to pressure. Sensitivity functions are 

extensively used in the seismic, geoelectric, electromagnetic and well-logging literature. Hence we 

introduce the (logarithmic) stress sensitivity of the velocity-drop Δα=αmax-α as 
 

( )
( )

σd

αΔlnd
-=

σd

αΔd

αΔ

1
-=σS   

( )
S=

σd

αΔlnd
-=λV . (7) 

 

By using Eq. (6) it can be seen that the petrophysical characteristic λV is the logarithmic stress 

sensitivity of the velocity-drop (Dobróka and Somogyi Molnár 2012). 
 

Similar mechanism is assumed for S waves. The change in pore volume given in Eq. (2) results also 

the change of the phase velocity of the transverse wave dβ=-κS dV. The same procedure is followed as 

in the case of P waves resulting
 

 

))σλ-exp(-1(βΔ+β=β V00 , (8) 
 

where Δβ0 =κSV0. Since λV is a material quality dependent petrophysical constant in the two model 

equations (Eq. (5) and Eq. (8)) it is a common parameter. 

Samples 

In order to prove the applicability of the petrophysical model it was tested on acoustic velocity data - 

published in literature - measured under pressure in laboratory. Winkler and Murphy (1995) as well as 

He and Schmitt (2006) applied the pulse transmission technique. Winkler and Murphy analyzed a 

Berea medium-grained sandstone sample which had a bulk density of 2610 kg/m
3
. The sample used 

by He and Schmitt was a low porosity conglomerate with bulk density 2300 kg/m
3
. Measurement data 

indicate that the velocity increases first strongly nonlinearly with increasing pressure (because the 

quantity of pores are relatively high in this region) then in the higher pressure range the increase in 

velocity (with increasing pressure) is moderate which can be attributed to the decrease of pore volume 

of rock sample, i.e. the pores are closing with pressure. 

Case studies 

Based on measurement data the petrophysical parameters (α0, Δα0, β0, Δβ0, λV) appearing in the model 

equation were determined by means of joint inversion method (the principle of least squares method) 

because λV is a common petrophysical parameter. The inversion results can be seen in Table 1. With 
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the estimated parameters, the velocities can be calculated at any pressure by substituting them into the 

model equations thereby applying Eq.(1) the pressure dependence of Lamé constants can be 

calculated. The results are shown in Figures 1-2. The solid lines show the calculated functions by 

inversion while symbols represent the measured data. The figures show that the calculated curves are in 

good accordance with the measured data which proves that the petrophysical model applies well in 

practice. 

 

Table 1 Estimated model parameters by joint inversion method 

Sample 
P wave 

Common 

parameter 
S wave 

α0 (m/s) Δα0 (m/s) λV (1/MPa) β0 (m/s) Δβ0 (m/s) 

Berea sandstone 

(Winkler and Murphy, 1995) 
1891,6 1813,9  0,138    1295,9   849,4  

Low porosity conglomerate 

(He and Schmitt, 2006) 
2323,2   2801,0  0,051  1418,2   1973,4  

 

 
Figure 1 Velocities/Lamé constants vs. uniaxial pressure of Berea Sample 

 

For the characterization of the accuracy of inversion estimates the RMS (D%) value and the mean 

spread were calculated. Table 2 contains these values for each sample in the last iteration step. 

 

Table 2 Estimated RMS and mean spread values 

Sample Type of data D (%) S 

Berea sandstone (Winkler and Murphy, 1995) 
Velocities 0,94 

0,13 
Lamé constants 6,48 

Low porosity conglomerate (He and Schmitt, 2006) 
Velocities 0,87 

0,41 
Lamé constants 3,14 

 

It can be seen that the data misfits (RMS) were small and the mean spread values indicate that the 

parameters are in low-moderate correlation, so the inversion results are reliable. These results confirm 

the accuracy of the inversion estimates and the feasibility of the developed petrophysical model.  
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Figure 2 Velocities/Lamé constants vs. uniaxial pressure of Conglomerate Sample  

Conclusions 

A new petrophysical model for describing the connection between the Lamé constants as well as 

propagation velocities and rock pressure was presented. It was found that the pressure dependence of 

wave velocity (both P and S) can be well described by a three-parameter exponential equation which 

gives also the physical explanation of pressure dependence: α = α0 + Δα0 (1-exp(-λVσ)), where α0 is 

the velocity at zero pressure, Δα0 is the velocity drop caused by the presence of pores and λV is a new 

petrophysical parameter. The methodology of our velocity model enabled us to deduce the pressure 

dependence of Lamé constants with the assumption of the constant Q model. Laboratory measurement 

data were used to confirm the reliability of the model. By means of joint inversion-based processing 

the model parameters were determined from measurement data. It was shown that calculated data 

matched accurately with measured data. Inversion results confirmed the accuracy and feasibility of 

the petrophysical model. 
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