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INTRODUCTION 

 

Due to the increasing demand for hydrocarbons and the depletion of the known 

hydrocarbon fields there is a growing claim to predict rock physical parameters 

more accurate at non-conventional conditions also. Geophysics has a wide palette to 

determine the required properties, for example the porosity, permeability, acoustic 

velocity, elastic moduli. It is well known that pressure has a strong influence on 

them. To interpret seismic, acoustic borehole logging data and to relate laboratory 

measurements to in-situ parameters properly it is necessary to understand what the 

effects of pressure are. In the literature several qualitative conceptions are available 

([2], [3], [12], [6]) which determine the parameters in the formulas using 

mathematical regression methods. They are empirical models and do not explain the 

physical meaning of the process. Therefore it is important to develop a new rock 

physical model for the pressure dependence of acoustic velocities and the Lamé 

constants. In this paper we introduce a petrophysical model describing these 

relationships and test it on two data sets published in literature. 

 

PRESSURE DEPENDENCE OF ACOUSTIC VELOCITIES 

 

Change in the stress state of a medium has a great effect on its features. Pressure 

strongly influences mechanical, transport and elastic properties. Therefore the 

investigation of pressure dependence of propagation wave velocities in rocks is in 

focus of researchers for a long time. One can find several qualitative descriptions of 

the process in the literature. Beside others Wyllie et al. [14], Stacey [10], Sengun et 

al. [8] published their results of measuring acoustic velocity under different load in 

laboratory. Nur and Simmons [7], Yu et al. [15], He and Schmitt [5] used a test 

system with varying pore pressure. Birch [2] found that the pore volume decreases 

with increasing pressure and as a result increasing propagation wave velocity and 

quality factor can be measured. The relationship between velocity and pressure is 

nonlinear in the beginning phase of loading ([15], [1]) and often can be described 

with exponential function. These qualitative models do not provide physical 

explanation, they only give the regression function of the curve fitted to the 

measured data. 

Somogyi Molnár [9] developed a rock physical model to explain the pressure 

dependence of longitudinal wave velocity. This model can be extended also for 

transversal wave velocity. Following Birch’s [2] considerations we assume that the 

main factor in pressure dependence of propagation velocity is the closure of pores. 

Increasing the load from the stress-free state causes the closure of large pores. It has 

the effect that the velocity in this phase increase faster as later, the smaller pores are 

closing after a slower compression process. This model is restricted only for 



uniaxial stress state and valid in the elastic domain of the medium. We introduce the 

parameter V as the unit pore volume of the rock. If a dσ stress increase is generated 

in a rock let us assume that the change in the pore volume (dV) is proportional to 

applied dσ and the pore volume. The following differential equation represents 

these two assumptions 

 

         , (1) 
 

where λV is a new material quality dependent petrophysical parameter. The inverse 

proportion of pore volume to stress is shown by the negative sign. The solution of 

Eq. (1) is 

 

              , (2) 

 

where V0 is the pore volume at stress-free state (σ = 0). We assume also a linear 

relationship between the infinitesimal change of the propagation P wave velocity dα 

- due to stress increase - and dV 

 

         , (3) 

 

where κP is a proportionality factor, a new material characteristic. The negative sign 

represents that the velocity is increasing with decreasing pore volume. Combining 

this assumption with Eqs. (1)-(2) one can obtain 

 

                      , (4) 

 

and after integration 

 

                  , (5) 

 

where K is an integration constant. At stress-free state the propagation velocity α0 

can be measured and K can be computed from Eq. (5) as 00 κ-=α VK P . With this 

result and introducing the notation Δα0=κPV0 Eq. (5) can be rewritten in the 

following form  

 

                      . (6) 

 

Eq. (6) provides a theoretical connection between the propagation velocity and rock 

pressure. In the framework of the model, the velocity of acoustic wave increases 

from α0 (at zero pressure) to αmax= α0+Δα0 (at high pressure, when all the pores are 

closed). So, Δα0 can be considered the velocity-drop caused by the presence of 

pores at zero pressure [6]. As it was mentioned λV is a new petrophysical constant, 

of which physical meaning is necessary to be given. Introducing the notation 

Δα=αmax-α, (the velocity-drop caused by the presence of pores at pressure σ) Eq. (6) 

can be written in the form 

                . (7) 



The change in the stress state and hence in the pore volume causes variation not 

only in the longitudinal but also in the transversal wave velocity: dβ=-κS dV. The 

model above can be modified for the S wave velocity as follows 

 

                      , (8) 

 

where Δβ0 =κSV0. Since λV is a material quality dependent petrophysical constant in 

the two model equations (Eq. (6) and Eq. (8)) it is a common parameter. It means 

that the petrophysical parameters (α0, Δα0, β0, Δβ0, λV) can be determined by a joint 

inversion process using the principle of least squares method. 

Laboratory tests indicate that the variant types of rock respond in a different scale to 

pressure change. This feature can be described with the sensitivity function, which 

is widely used in literature. Hence we introduce the (logarithmic) stress sensitivity 

of the velocity-drop Δα=αmax-α as 

 

      
 

  

   

  
  

       

  
                                             

 

By using Eq. (7) it can be seen that 

 

    
       

  
                                                        

 

which shows that the petrophysical characteristic λV is the logarithmic stress 

sensitivity of the velocity-drop [4]. 

 

PRESSURE DEPENDENCE OF LAMÉ CONSTANTS 

 

In case of a perfectly elastic medium the Lamé constants (µ,λ) can be regarded as 

locally interpretable quantities in the given deformation or rather stress state. The 

relationship between these parameters and the longitudinal (α) and transversal (β) 

propagation velocity can be described with the following simple formulas 

 

   
    

 
               

 

 
                                              

 

where ρ means the density of the medium. As we add these equations to the 

inversion process, in the knowledge of the phase velocities the Lamé constants can 

be calculated easily at every pressure. 

 

SAMPLES 

 

The applicability of our method was tested on literature data sets. In both case the 

pulse transmission technique was used to measure velocity data. It means that P- 

and S-wave transducers and receivers were matched to the end caps of the samples 



and the travel time was measured (Figure 1). The velocity can be calculated easily 

from the sample length and the travel time. Winkler and Murphy [13] made 

measurements on samples from the Berea Sandstone Formation. This sandstone has 

medium grain size and it is composed of quartz held together by silica. Because of 

its relatively high porosity and permeability it is a good reservoir rock. After 

Toksöz et al. [11] we considered that of bulk density is 2600 kg/m
3
. The experiment 

was carried out on dry cylindrical sample under uniaxial stress. The compressional 

wave propagated parallel to the uniaxial stress, the transversal wave propagated 

perpendicular to the uniaxial stress direction but with a polarization parallel to the 

stress direction. The results of the test can be seen on left graph of Figure 2 

(measured data marked with dots). 

The second data set was provided by He and Schmitt [5]. They measured a series of 

samples under different confining and pore pressures under both dry and water 

saturated conditions. In our research we only used data sets measured on dry sample 

(see left graph of Figure 3) which was a low porosity conglomerate with a bulk 

density of 2300 kg/m
3
. 

 

 

 

 

 

 
 

 

 

 

 

 

Figure 1. 

Illustration of the pulse transmission technique 

 

RESULTS 

 

As we mentioned earlier the 5 model parameters (α0, Δα0, β0, Δβ0, λV) can be 

determined by joint inversion process. Table 1 contains these estimated parameters 

for the two samples. 

 

Table 1. 

Model parameters estimated by joint inversion 

 α0 [m/s] Δα0 [m/s] λV [1/MPa] β0 [m/s] Δβ0 [m/s] 

Berea sandstone 1891,6 1813,9  0,138    1295,9   849,4  

Conglomerate 2323,2   2801,0  0,051  1418,2   1973,4  

 

The velocities can be calculated using Eq. (6) and Eq. (8). According to Eq. (11) the 

Lamé constants can be determined at every pressure. The pressure dependence of 
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acoustic velocities and the Lamé constants are summarized in Figures 2 and 3. The 

dots mean the measured values. In case of the Lamé constants they represent the μ 

and λ values calculated from the measured velocities. The solid lines show the 

results of the inversion process after 20 iteration steps. One can see that the 

calculated curves fit well to the measured data which confirms the applicability of 

the physical model in practice. 

 

 
Figure 2. 

Pressure dependence of acoustic velocities and Lamé constants 

for Berea sandstone 

 

For the characterization of the accuracy of inversion estimates the RMS (D%) value 

was calculated according to the following formula  

 

   
 

 
    

   
   

   
 
 

 

   

                                               

 

where dk
(m) 

is the measured velocity/Lamé-constant at the k-th pressure and dk
(c)

 is 

the k-th calculated velocity/Lamé-constant data which can be computed by Eqs. (6) 

and (8). To characterize the reliability of the suggested petrophysical model the 

mean spread was also calculated by 

 

   
 

      
                 

 
 

   

 

   

                                 



where δ is a Kronecker-delta symbol (which equals 1 if i=j, otherwise 0), M is the 

number of model parameters and corr(m) is the correlation matrix, which provides 

the strength of linear relationships between each pair of model parameters. 

 

 
Figure 3. 

Pressure dependence of acoustic velocities and Lamé constants 

for conglomerate 

 

Table 2 contains the calculated RMS and mean spread values for each sample in the 

last iteration step. It can be seen that the data misfits (RMS) were small and the 

mean spread values indicate that the parameters are in low-moderate correlation, so 

the inversion results are reliable. These results confirm the accuracy of the inversion 

estimates and the feasibility of the developed petrophysical model. 

 

Table 2. 

RMS and mean spread values 

 Berea sandstone Conglomerate 

 Velocities Lamé-constants Velocities Lamé-constants 

D (%) 0,94 6,48 0,87 3,14 

S 0,13 0,41 

 

SUMMARY 

 

In this paper we presented a new model for describing the pressure dependence of 

acoustic velocities and Lamé constants. The advance of the model is that it is not 

based on simple curve fitting, but it gives physical explanation for the process with 



its three-parameter exponential equation. For the longitudinal velocity it states 

  =  0 +   0 (1-exp(- V )). The same can be written for the transversal wave: 

β = β0 +  β0 (1-exp(- V )). α0 and β0 are the velocities at zero pressure, Δα0 and  β0 

are the velocity drops caused by the presence of pores and λV is a new common 

petrophysical parameter. After estimating the above mentioned 5 model parameters 

in a stable inversion procedure and calculating the velocities, the pressure 

dependence of Lamé constants can be deduced. To prove the applicability of our 

method we presented our results on laboratory measured data from the literature and 

we found a very good correlation between measured and calculated data. Inversion 

results confirmed the accuracy and feasibility of the petrophysical model. 
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