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Abstract. On the middle surface of the shell, the displacements as well as the rotations of
the base vectors are finite, the strains are, however, considered to be infinitesimally small.
The rotation of the base vectors is described by three rotation tensors that define three
special, geometrically well identified rotations. This paper derives the three-dimensional
Green-Lagrange strain tensor and the symmetric right Jaumann strain tensor on the middle
surface.
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1. Introduction

Shell theories are two-dimensional theories that have an approximate nature with
respect to the three-dimensional theories of solid bodies. This approximate nature
arises from the special geometry of shells and from the description of the deformation
and boundary conditions of the shell-like body, which are usually expressed through
different hypotheses and neglections.

Topics related to the theories of shells seem to be always topical, especially from the
point of view of the numerical analysis of shell problems. This is well demonstrated
by the following two citations: "Shell structures may be called the prima donnas of
structures." by Chapelle and Bathe (1998, [1]), and " The modelling of shell struc-
tures represents a challenging task since the early developments of the finite element
method." by Valente et al. (2003, [2]).

The topic of this paper is related to the kinematics of non-linear shell theories
in which the middle surface of the shell has a distinguished role. This is expressed
through the description of both the deformation of the middle surface and the defor-
mations along the normal to the middle surface.
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The main goal of the present paper is to derive the Green-Lagrange and the Jau-
mann strain tensors on the middle surface of the shell. The derivation is based on
the non-linear theory of three-dimensional deformation of continuum mechanics and
on the introduction of kinematical hypotheses.

In the investigations it is assumed that the middle surface of the shell is sufficiently
smooth, quantities defined on it are continuous and continuously differentiable with
respect to the surface parameters as many times as required.

The independent variables on the middle surface of the shell in this paper are the
displacements, the rotation tensors (including the drilling rotation, i.e. the rotation
about the normal to the middle surface), and the transverse normal strain, which
represent seven independent parameters in all.

The primary goal is to derive the three-dimensional deformation gradient tensor
and the three-dimensional Green-Lagrange strain tensor on the middle surface of
the shell with the assumption that the displacements as well as the rotations of the
base vectors are finite, the strains at the points of the middle surface and across the
thickness of the shell are, however, infinitesimally small.

The finite rotations of the base vectors on the middle surface are described by three
rotation tensors. These tensors define three special rotations which are geometrically
well identified. Two rotation tensors describe the finite rotation of the base vectors
(including the drilling rotation) in such a case when the middle surface normal to,
and the tangential base vectors of, the reference middle surface are mapped into the
middle surface normal to, and the tangential base vectors of the deformed middle
surface. The third rotation tensor describes an infinitesimal rotation of the already
deformed base vectors, ensuring that the transverse shear strains be, according to our
primary goals, infinitesimally small.

Considering the above assumptions, the secondary goal is to derive the three-
dimensional, symmetric right Jaumann strain tensor on the middle surface of the
shell, utilizing the polar decomposition of the three-dimensional deformation gradient
tensor.

The third goal is to present, in an exemplary manner, the derivation of the three-
dimensional deformation gradient tensor and the Green-Lagrange strain tensor at an
arbitrary point of the shell, making use of the previous results and from the point of
view of shell theories based on the Reissner-Mindlin hypothesis.

In the majority of shell theories applying finite rotations to describe the deformation
of the shell, the rotation tensors are defined, just like in this paper, on the middle
surface. In those theories the middle surface strains can be finite or infinitesimally
small. The transverse shear strains are usually taken into account, which is not,
however, the case for transverse normal strains. In what follows, a brief review of
shell theories without completeness is given from the point of view of finite rotations.

The concept of finite rotation tensor to develop a nonlinear shell theory has been
introduced by Simmonds and Danielson [3],[4]. Wriggers and Gruttmann [5] discuss a
finite element model for shells subjected to finite rotations. A detailed analysis on the
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role of drilling rotations in non-linear shell theories has been given in the significant
papers by Ibrahimbegovich [6], Ibrahimbegovich and Frey [7],[8]. Pietraszkiewicz
[9],[10] has developed a general, geometrically non-linear shell theory using the drilling
rotations.

Wisniewski [11] investigated the rotation tensor with respect to the derivation of
the Green-Lagrange strain tensor, obtained directly from the deformation gradient
tensor, and the Jaumann strain tensor, obtained through the polar decomposition of
the deformation gradient tensor.

Brank et al. [12],[13], Ibrahimbegovich et al. [14], Brank and Ibrahimbegovich [15],
Ibrahimbegovich et al. [16], Lee and Lee [17] derived geometrically exact shell theories
without using the drilling rotations.

Atluri et al. [18] pointed out that the use of the drilling rotation as an independent
variable in shell structures with faceted joints has special significance.

Campello et al. [19] applied a geometrically exact six-parameter non-linear shell
theory to develop a shell finite element.

Bertoti [20] developed a three-dimensional non-linear shell theory using the equili-
brated stress field and the rotation field.

Aside from the above aspects, the possibilities and requirements of the application
of the finite element method are not investigated in this paper. In this respect we
refer to the papers by Parisch [21], Basar and Ding [22], Bischoff and Ramm [23],
Sansour and Kollmann [24], as well as the papers by Bucalem and Bathe [25] and
Bathe at al. [26].

Section 2 introduces the notation and gives a summary of the basic relations ap-
plied in the paper, among them the representation of the rotation tensor using the
Rodrigues formula. Section 3 introduces important assumptions with respect to the
rotation of the base vectors and the measures of strains on the middle surface, then
defines three rotation tensors and gives their geometric interpretations. Making use
of the above results, Section 4 derives the three-dimensional deformation gradient
tensor, the Green-Lagrange strain tensor and the symmetric right Jaumann strain
tensor obtained through the polar decomposition of the deformation gradient tensor.
Section 5 presents, as an example, the derivation of the three-dimensional deforma-
tion gradient tensor and the Green-Lagrange strain tensor at arbitrary points of the
shell, employing the Reissner-Mindlin hypothesis.

2. Notations. Fundamental relations

2.1. Both invariant and indicial notations of tensor analysis are used. Scalar variables
are denoted by italic normal letters. When invariant notation is applied, vector
variables are denoted by upright boldface letters, tensor variables by italic boldface
letters. The dyadic (tensorial) product has no special sign (e.g. a'aj), the scalar
product is denoted by a dot (e.g. R -aj), the vector product is denoted by a cross
sign (e.g. a; x az). When indicial notation is applied, the range of Latin indices is
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1,2, 3, the range of Greek indices is 1,2. The usual summation convention is applied
over the repeated indices. A comma followed by an index in the right subscript denotes
partial differentiation, whereas a semicolon indicates covariant differentiation. The
so called marking indices are underlined and they do not have the range 1,2,3 (e.g.
e?). The unit tensor is denoted by I, (5{“ is the Kronecker delta, €., is the covariant
permutation tensor and ey, is the covariant permutation symbol. The transpose of
a tensor is denoted by a "T” in the right superscript (e.g. R").

2.2. Let the shell, as a three-dimensional solid body, be denoted by (B) in the
reference configuration, and by (B) in the deformed configuration. The reference
configuration is assumed to be stress- and deformation-free. The middle surface of
the shell and its surface element in (B) are denoted by (S,) and (dS,), whereas in
(B) they are denoted by (S,) and (dS,).

A convected (zt, 2%, 2) coordinate system is employed, where x!, 2% are the surface
coordinates on the middle surface (S,). The coordinate line 2% is perpendicular to
(S,) in (B) and 2® = 0 on both (S,) and (S,). In (B) 2® is not necessarily straight
and perpendicular to (S,).

1

Total Lagrangian description is applied throughout this paper.

Quantities and geometrical forms in the deformed configuration are distinguished
by a bar, in the reference configuration they have no special sign.

On (S,) and (S,) (at 3 = 0), the value of a quantity defined at an arbitrary point
of coordinate x> is denoted by a sign "o" in the right subscript, i.e.,
u=u(z', 2% 2%), but u, =u(z',z? 2*=0).

Quantities defined only at 2% = 0 are written without the sign "o", e.g.,

a, = a, (¢, 2?), or m=mn(z",z?).

2.3. The middle surface of the shell together with the basic geometrical quantities
are shown in Figure 1 (see also Subsection 5.1 and Figure 4).
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At point P, of the middle surface (S,) in the reference configuration, the unit normal
vector is denoted by n, |n| = 1, the position vector is ro(z', 2?), the covariant base
vectors are a, = I'o,o and ag = n, the metric tensor is ay = ai-a; (aq3 =0, azz3 =1)
and its determinant is denoted by a, the curvature tensor of the middle surface is
bxx = — a,. - as,n, the contravariant base vectors are a™, and the inverse of the
metric tensor is a™® = a™ - a” (a*® = 0, a®® = 1). The following relations hold:

as = A XA n, lazl=1, a=detays = ai1a22 — a12021, (2.1)

|a1 X 32|

alxa22:a1xa2~a1xag =a, aa:aaﬁa, a® = aj. 2.2
B

At point (P,) of the middle surface (S,) in the deformed configuration, the unit
normal vector is I, |[m| = 1, the position vector is To(x!,2?), the covariant base
vectors are @, = To,o and as (it is assumed that @as # 1), the surface part of the
metric tensor is G,3 = @, - ag and its determinant is denoted by @, the curvature

tensor of the middle surface is b, = — @, - m,5. The following relations hold:
a; X a
= ———, a=detlap = a11d22 — T12da1, (2.3)
[a; x ag|
|51 X 52|2 = (51 X 52) . (51 X 52) = [(51 X 52) X 51] X as = a. (24)

2.4. Let u,(z!,22) = u¥ a; be the displacement field on the middle surface (S,).
Then

To=r,+u, and a, =Tg,n=ay + Ug,n = ((5&” + ug“a) am (2.5)
on (S,). The deformation gradient tensor is
F,=1a,a*=3a,a" +a;a®, F, a,=a, (2.6)

ie.
dr, = F, -dr, = F, - a; dz" = a;, dz*. (2.7)

The Green-Lagrange strain tensor assumes the form

1 1
E, = Oklakal:§(FoT'Fo—I>25[(ak'az)—(ak-al)]akal:

[(@. 3@y —as)a"at + (a, -a3)a"a’ + (a3 -@y) a’at + (a3 - a3 — 1) a’a’] .
(2.8)

N~

According to (2.3)-(2.5), the unit normal vector to the middle surface (S,) is

n=n,a = ——=aj; Xas= (31+u0,1)X(al+u0,2). (29)

S
Sl -
S
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Components of the normal vector m can be expressed by the components of the
gradient of displacement vector, u,,q , as:

m=T0-a = % [(a1 + 10,1 ) X (A2 + U0z )] - a1 = —% (14 ud) gy —uauds)
(2.10)

Tp=T-ay = % [(a1 +10,1) X (a2 + Uoy2)] a2 = % [(1+ ugy) ugs — ugauds] s
(2.11)

_ _ 1

ng =n-az = %[(81 + U051 ) X (A2 +Uo,2)] a3 =

a
= % (]‘ + u});l + ug;Q + u});lugﬂ - u(1);2u§;1) . (212)
2.5. Any rotation tensor R (R™'= R™; det|R| = 1), defined at point P, of the
middle surface (S,) can be given by the Rodrigues-formula:
R = RF a;al =cos?d I+ (1 —cosv)ee+sinde x I, (2.13)
R*, = cost 67 + (1 — cos?)eFe; + sind) a*egpie™, (2.14)

where e = e(z!,22) = e™a,,, |e| = 1 is the unit vector of the axis of rotation and
—m < d(zt,2%) < 7 is the angle of rotation. The rotation tensor is a proper
orthogonal tensor. There exist other representations of the rotation tensor R in the
specialist literature.

The rotation tensor R rotates the arbitrary vector c into the vector
R-c=cos¥c+ (1 —cos?)(e-c)e+sinde x c, (2.15)
while its transpose, RT, rotates ¢ into the vector

R c=c-R=costc+ (1 —cos?)(e-c)e—sinde xc. (2.16)

3. Finite rotations and small strains on the middle surface (S,)

3.1. Let us introduce, in advance, the rotation tensors R*(x!,22?) and Rg(x!,2?)
as well as the following fundamental assumptions:

1. let R* rotate the base vectors ay into vectors EZ by a finite rotation:
EZ:R*~ak, and let EE:R*~a3:ﬁ, (3.1)

2. let R, rotate vectors EZ into vectors ky by an infinitesimal rotation:
ki =R.-k,=R,-R"-ay, (3.2)

3. let the rotated base vectors ky and the infinitesimal strain vectors o (zt, x2)
give the base vectors ag:

a, = ky, + i, (3.3)
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4. let &z = €43 Eg, i.e., let the base vector as be given by
az = Eg + EO3E3 , (3.4)

where e,3 is the infinitesimal stretch in the normal direction to the middle
surface, .
5. let the rotation tensor Ry, defining an infinitesimal rotation, be given by

R,=1+ V,6,x1, (3.5)

where |¢5| < 1 holds for the angle of rotation and the unit vector of the axis
of rotation, €;, is perpendicular to n:

e, = e‘éEZ =R"- (eg au) =R"-e; e;,=cka,. (3.6)

In the following Subsections 3.2-3.6, we investigate first the rotation tensor R*
that fulfills condition (3.1)2, then, in view of the results of this investigation, R™ is
obtained by the (scalar) product of two rotation tensors (R* = Ry - R;), and the
geometrical interpretation of these two rotation tensors is given. Next, in Subsection
3.7, the description of the rotation tensor R defined in (3.5) is detailed.

3.2. For a given 1, we are looking for a rotation tensor R* (the angle of rotation
¥* and the axis of rotation e*) that satisfies assumption (1) with equation (3.1)3:

k; = R* - a3 = cosit*as + (1—cost)*)ele” + sind*e* x ag = I = mpa’.
The solution satisfies the following scalar equations:
a,- R"-a3 = cos¥ azp, + (1 — cos¥*) ezer + Vasin ¥ eps3e™ =T,

which, after inserting e; = apq €*?, can be written as

(1 —cosv*) e} (aue*l + a126*2) ++Vasind*e*? =7, (3.7)
(1 —cost*) e} (ag1e™ + aze™) — Vasind e =my,
cos ¥ + (1 — cos 9*) (e3)® = 7s. (3.9)

With components 7, given and, in addition, with an e} chosen, equation system (3.7)-
(3.9) has a unique solution for ¥*, e*! and e*? (the trivial solution of ¥* = 0 is not
considered). Indeed, from (3.9) it immediately follows that

73 — (e5)’
cost* = ——3 (3.10)
1= (e3)

whereas e*! and e*? can be obtained from the transformed equations (3.7)-(3.8), using
the Cramer-rule:

(1 — cos¥*) ejarie*! + [(1 — cos¥*) ejaia + Vasind*]e*? = 7y
[(1 — cos¥*) eja01 — y/asind*] e + (1 — cos¥*) ehazee*? = Ty
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The determinant of this equation system is d = a [(1 — cos9*)? (e5)” + sin? 0|, and

its solution reads:

. (L—cosd”) esn! — \/LE sin 7o ., (L—cost”) esn? + % sin ¥*7,
e = R e =
(1 — cos ¥*)* (e§)2 + sin? 9+ (1 — cos¥*)? (e3)? + sin? ¥
(3.11)

Selection of the possible values for e} is restricted by the fact that —1 < cosd* < 1,
i.e. after taking into account (3.10),

-1<

This means that, beside the evidently satisfied conditions |75] < 1, condition

1+4+m3

e < 5

(3.12)

should also be satisfied.

Taking into account the above constraint, for a given normal vector 1 of the middle
surface (S,) and for a given component e} of the rotation axis e*, the rotation angle
¥* can be determined using (3.10) and the other two components e** of €* can then

be obtained from (3.11).

3.3. The results of Subsection 3.2 can now be summarized as follows: For a given
normal vector Tl = 7 a, = Nya?, |A| =1 of the middle surface (S,), there exists an
infinite number of solutions to equation R*-az = kj =0 for the rotation tensor R*.
These solutions differ from each other in one component of the unit vector e* of the
rotation axis, namely the component e}. After selecting the component e} = e*3 of
vector e*, with satisfied constraint (3.12), equations (3.10) and (3.11) give a unique
solution for ¥* and for the other two components of e*, i.e. for the rotation tensor
R*. Tt can be pointed out that this solution satisfies the requirement |e*| = 1.

It can also be seen that vectors R* - a, = k, obtained with different rotation

tensors R, lie in the tangent plane, perpendicular to the normal l_<§ =mn of the
middle surface (S,), in such a way that the different vectors k7 belonging to e} (to
e*) can be rotated into each other about vector ki = n. This follows from the
evidently satisfied equation k¥ -kj = a,, - RT - R*-a3;=a, a3 =0.

Another important consequence of equations (3.10) and (3.11) is that for every
normal vector I, @] = 1, there exists a finite rotation tensor with the axis of rotation
lying in the tangent plane to the middle surface (S,). Let this rotation tensor be
denoted by R (the angle of rotation is 2, the unit vector of the rotation axis is e3):

Ry = Rgl agal = costoI + (1—cost)eses +sintdg eax I. (3.13)
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According to relations (3.10) and (3.11):

cos e = Mg, sindy = /1 — (73)°, (3.14)
1 7n 1 n n
1 2 2 1 11
_ 1 _ 1 _ M 3.15
2 Vasinds’ 2 Va sin 9y Ty 2 ( )

3.4. Making use of the results of Subsection 3.3, the rotation tensor R™ is obtained
first by the product of two rotation tensors: R* = R,,-Rz, i.e. we apply two rotations,
one after the other, described by expression

l_{;; = 1{»< A = E:,L'RQ cap = En- (R2 -ak) s (3.16)

where Rj is defined by (3.13)-(3.15) and the rotation tensor R,, describes a rotation
about the unit normal 1, being the axis of rotation, with rotation angle 9;:

R, = cost I + (1—costy)n o+ sinymx I. (3.17)

The vectors k¥ = R*-a,, rotated into the tangent plane of the middle surface
(?O), can thus be obtained by rotating first the base vectors a; into vectors Rs - a,
lying in the tangent plane, then these vectors are being rotated again in the tangent
plane about the normal n: l_cz =R, (R2 - ai). The vector ag is rotated only once by
ks = Ry - a3 = 1, because R,, -1l = . The geometric interpretation of the described
rotations is shown in Figure 2.

Figure 2.

3.5. The components of the unit normal vector n can be obtained from the gradient
U, o Of the displacement vector of the middle surface (.S, ), according to (2.10)-(2.12),
and the parameters of the rotation tensor R can then be computed from (3.14) and
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(3.15) as
costy = Tig = % (T4 uby +udo +ubgudy — ugouly) (3.18)
Vasintyey = —Tip = % (T4 udy)udy —uboudi], (3.19)
Vasindges =y = % (14 ulo) udy —udquds] . (3.20)

3.6. Let us introduce, secondly, the rotation tensor
R; = costh I + (1 — cosvy) agas + sinvdy agx I (3.21)
on the middle surface (S,). It can be pointed out (see APPENDIX A) that
R*=R,- Ro =R, Ry, (3.22)
i.e. the following relations hold:

1_{: =R" a, = En'RQ cAg = Rg . R1 * Ak, 1_{3 = 1‘2»< -ag = Rg -az = n. (323)

In view of equation (3.23), the finite rotation of the base vectors a,, given by the
rotation tensor R*, will be described in the following by two rotation tensors, Ro and
R;. Then the base vectors kX = R* - a,, rotated into the tangent plane of the middle
surface (S,), can be obtained in two steps: first the base vectors a,, are rotated about
az by angle 9, into vectors R -a, lying in the tangent plane of (S, ), and, next, these
vectors are rotated about axis ez, lying in the tangent plane of (S,), by the angle 92
as kX = Ry - (R; - a,). The base vector aj is rotated, however, only once, according
to l_<§ = Rs-a3 =1, as Ry -a3 = ag. The geometrical interpretation of these rotations
is seen in Figure 3.

Figure 3.



Tensors of finite rotations and small strains on the middle surface of a shell 267

The parameters of the rotation tensor R* can be obtained from the parameters of
the rotation tensors R; and Ry, defined in (3.21) and (3.13), respectively, according
to the following expressions:

1
1+ cosd* = 5 (14 cosd) (1 + costa),

sind*e* == [(1 4 cos ) sinaes + (1 4 cos¥s) sindias + (sindaeq) X (sinag)].

N =

3.7. The rotation tensor R,, describing an infinitesimal rotation, is defined by
equations (3.5) and (3.6). According to (3.2), the rotated base vectors kj and k,, can
be related to each other through

k;, =R, k, =k, + 98 xk, = R"-a, + V¢! (R"-a,) x (R"-a;), (3.24)
and, in view of equation (B.1) of APPENDIX B, we have
ki =R, -k, = R*-(a, + Y.e, x ar) = R* - R, -a, = R - ay, (3.25)
where

R,=I+4v,e,xI; R=R'-R,=R, Ri R, (3.26)

The resultant rotation tensor R = Rs - R - R, has three independent parameters,
since Ry [and the two components of its vector Y3 = s €2, (J2 = [F92])] is uniquely
defined by the displacement field u,, according to (3.18)-(3.20) (zero parameter in
number), R; is described, according to (3.21), by the rotation angle ¥, (1 parameter),
and Ry is described, according to (3.25), by the two components of the vector 95 =
Vses (Vs = [0]) (2 parameters).

The above equations can be supplemented by the following relations for the rotated
base vectors kj: from (3.23), and (2.3) we have:

a, - k;=a, -n=0, (3.27)
and from (3.6) and (3.27) we have:

(és x E,ﬁ) &, =0, since (8, x K.) | 7. (3.28)

4. The deformation gradient, the Green-Lagrange and the Jaumann
strain tensors on the middle surface (S,)

4.1. The deformation gradient tensor and its transpose are defined in (2.6) as
F,=3a,a"*=a,a" +a;a® and FOT —a'a, =a"a, +a’a;,
where the base vectors a, and as are given, respectively, by expressions (3.3) and
(3.4).
The detailed Green-Lagrange strain tensor is given by (2.8). When the different

products of the base vectors of the middle surface (S,), appearing in equation (2.8)
and later on, are computed, it will be taken into account that the strain vectors oy,
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the angle of rotation ¥ as well as the stretch e,3 are infinitesimally small, according
to the assumptions introduced in Subsection 3.1. Then we can write:

5&'5)\: (En +an) . (EA +ak) :EK'E)\—’—EH'EA +an'EA +an'akx

Q) +Er€'a)\ +an'Ek7 (41)
a, a3 = (1 +¢co3) A, - k3 ~ 4, - ks, (4.2
az-az=(1+ 503)2E3 k3 & 1+ 2e,3. (4.3)

In obtaining (4.1) and (4.3), equation (B.2) of APPENDIX B has been utilized.

Taking into account (3.24) and (3.28), the product k, - &, appearing in (4.1) can
be written in a different way:

EK -E,\ :EH . (5)\ _E)\) :En '5)\ — Ag)\ = (E:+ 19868 XE:> .EA TR =
= E;; ca) — Q) = A R*T ' (a)\ + u07k) — G- (44)

The product a, - as of (4.2) can also be modified using (3.24), (3.27) and equation
(B.1) of APPENDIX B:

A, a3 ~a, - ks :§K~<E§+ﬁsés xEQ) = (ke + @) - (19565 xE’g) ~

R KL (0,8 x Ky ) = an BT R (Ve x a3) = Daay - (e X ag) = V5V enusel
(4.5)

4.2. The components of the Green-Lagrange strain tensor on the middle surface
(S,) are thus the following:

Eopx :an'Eo'aA:%(ﬁn'EA*am)%
~ % a, R7T. (ax + Uo,n ) + (ak + Uoyk ) - R - ax| — aga, (4.6)
Eops = Eos. =a,. - B, a3 = %ﬁ,{ SAg & %195 a3 (a, X e5) = %ﬁé\/aewgeg, (4.7)
Eosz =a3z-E,-a3 = % (as-as — 1) = eo3. (4.8)

Components E; are infinitesimal.

It is noted that to compute the components FE), only the displacement field u,
and the rotation tensor R* = R, - R; are needed. On the other hand, components
E,x3 depend on the rotation tensor R, (on the rotation vector 9, = ¥se;), and
component F,33 depends only on the stretch e,3.

4.3. The surface part a,3 = @, -ag of the metric tensor at point P, can be written
using (2.8) as follows:

Uop = 2Eo0p + Gag-
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Taking into account that the strain components E,.g are infinitesimally small, the
approximate value of the determinant of the metric tensor in (2.3)2 is:

a = det Ea[j = Qa11G22 — G12021 ~ Q. (49)

4.4. The curvature tensor of the middle surface (S,) reads:

B,{)\Zfﬁ,{'ﬁ’,\Zf (E,{ +a,{)~E3’,\N 7EH~E37)\. (410)

4.5. The symmetric right Jaumann strain tensor, H,, can be obtained using the
polar decomposition of the deformation gradient tensor:

Fo=R-(H,+1),

1
H, = Houaa =3 (RT F,+FT. R) ~I (4.11)

In view of (3.3) and (4.1), the components of this tensor are given by
1
Hopr=a,-H,-ay = 5 (an'RT'Fo'a/\“l‘an'FZ'R'a)\) — Q) =

[En . (E)\ +EA) + (EK +ar€) -EA} — QA =

DN | =

1 _

:§(kﬁ'§)\+ﬁﬁ'kk)_ankz
1 — I 1. _

3 ki -0+ @, - ka] & 3 (A, -Ax — akr) = Eown, (4.12)

and, in addition, taking into account (4.5) as well, we obtain:

1 — _
Hon?;:an'Ho'a?;:§(kn'53+5n'k3):

—_

1 - = _
= 5 [(1 -+ {:‘03)1(,<Q -ks +a, k3] A —a, - a3 = Foks, (413)

[\

1 — _ _
Hozz =a3z-H,-az—1= 5(k3'53+§3'k3)*1:(1+€o3)k3'k3*1:€o3%Eo33~
(4.14)

It can be concluded, that using the assumptions (neglections) introduced in the
previous sections, the Green-Lagrange and the Jaumann strain tensors are identical
on the middle surface (S,).

5. The deformation gradient and the Green-Lagrange strain tensor at an
arbitrary point of the reference configuration (B)

5.1. Let P denote an arbitrary point on the normal (on the coordinate line x3) to
the middle surface (S,) of the reference configuration (B). The base vectors and the
metric tensor at point P are:

r:r(acl,xQ,acg) =1, + azz®, (5.1)
8k =T, =To, +a3,,2° =a, —a, bl 2’ = (02 —b22%)a,, gz=rs=az=n,
(5.2)

2
Grx = 8r - 8x = Grx — 20un3% + beab (2%)7, gus =0, ggz=1. (5.3)
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The contravariant base vectors are denoted by g, the inverse of the metric tensor
is g™ =gm-g" (g“?’ =0, ¢ = 1). If the shifter is denoted by pj*, ph = 6% —

b3, uh =0, u3 =1 and its inverse is 7112”, then the following relations hold:

gk =i am, g =ppa. (5.4)
Let P denote an arbitrary point on the coordinate line 23 of the deformed config-
uration (B). The position vector of point P and the base vectors at P are:

f:f(xlax27x3) :FO+H7 g, :fo,/{ +Hm:§n+ﬁmv g3 :h;3a (55)
where h = h (xl, z2, x3). The geometrical setting with an enlarged scale in the
thickness direction is shown in Figure 4. Geometrically non-linear shell theories differ

from each other in the assumptions for the form of h (for instance, in shell theories
based on the Kirchhoff-Love hypothesis, h = nz?).

Reference configuration (B) Deformed configuration (B)

Figure 4.

As a continuation of Sections 3 and 4, the following part of this section derives
the deformation gradient and the Green-Lagrange strain tensor at an arbitrary point
P of the configuration (B), considering the relatively simple hypothesis of Reissner-
Mindlin:

h=k3z® = R* (a3 +U.e; x a3) 2®. (5.6)

5.2. The deformation gradient and its transpose at the arbitrary point P are:

F=g.,g"=8.8" +858°, F'=g'g,=g"8,. +8°8;. (5.7)
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At point P, the base vectors can be written on the basis of equations (5.5)2,3 and
(5.6) as _ 3 B _ B
gn = 5}-@ + h,m = krc +ar€ + k3,r€ I37 g3 = h,3 = k37 (58)
where
k3. =[R"- (a3 + U e, x az)] . = R, - (a3 +Jse5 x a3) + R™ - (a3 + Ve x a3) .
(5.9)
5.3. The Green-Lagrange strain tensor at the arbitrary point P is given by

1 1. _
EZEkzgkgl=§(FT'F—I> 25[(gk'gz)—(gk-gl)]gkgl=

(8. 8r— 988+ (8. 85)8 8" + (85 8,)g’g" + (8 8 — 1)g°g"].
(5.10)

N~

Assume that beside the strain vectors @, and the angle of rotation ¥, the derivative
U5, is also infinitesimally small. Then, using the transformations of Subsection 4.1,

the scalar product of the base vectors of configuration (B), appearing in (5.10), can
be written as

g 8 = (ke @ + k3 2®) - (ko + a0y + k30 2’) =
R Gpr + Ky - 0 + T - K + (Ky - Kaox K00 Kn ) 2% 4+ Ko Koy (2%)7, (5.11)
g, 83 =83 8. = (8 T ks,n2”) - ks =2, -ky = J,a, - (es x a3), (5.12)
g; 83 =ks ky=1. (5.13)
Making use of (3.24), the scalar product k. -ks,y in (5.11) can be approximated as
Ke K= (ki + 0.8 < K, ) - (K + 0.8, x K ) a~ K, Kpon
and then we can write:
k. -ksa~ - b~k kya~a, BT (R a3+ R" a3, =
=a,-R""-R*,. as+a,- as,, (5.14)
K3, - k3,0 = Dby ~ Ky Ky~ (R*,-a3+ R -ag,. ) (R*x-as+ R -as,y) =
=a3 R, R\ a3+a;- (R*Tm ‘R*-a3,.+R" - R*- a3m) +ag,. - as,n,

(5.15)

In obtaining (5.12), (4.6) has also been used.

5.4. In view of the previous results, the following are the scalar components of the
Green-Lagrange strain tensor:

—_

1 _ _ _ _ _ _ — —
Eax=g8r E gy =5 (B By —00) = 3 [amx + K- (@ — ) + (@ — ki) K] +
1 1
+§ |:a/<; "R*T-R*\-az+ay-R" R, a;— 2bm} z® + 3 [33 "R, R, azt

DO |

* * * * " 2 1
tag R R ag tag R0 R a1 b (¢9)” - 39R0
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ie.,
Eux = Eopr + E1ord® + o (29)7 (5.16)

Eipx = — (bex — ber) = % [a,{ "R*T.R*,-az+ay-R"-R*,. ag} ,  (5.17)

1 /-
Baer =5 (bf«f bux — b buA) =
1
=3 | BT R s tag BT R agatag - BT 0R ag |, (5.18)

and, furthermore,

1 _ 1 1
E.3 = Es3, = gk - E. g3 = §g,{ ‘83~ 579533 : (an X es) = 5792’\/56&”3@; ~ Eoks,
(5.19)
1
B33 =gs B -gs =5 (8; 8 —933) 0. (5.20)

It is noted that the scalar components of the Green-Lagrange strain tensor obtained
above at the arbitrary point P are related to the contravariant basis g¥g!. Naturally,

these components can also be written in the contravariant basis a*a', using the inverse

shifter 71121

5.5. To summarize the above results it is worth mentioning that when the above
shell kinematics based on the Reissner-Mindlin hypothesis is employed, we obtain that
FE33 ~ 0 and E,3 &~ F,x3, i.e. neither the change in the thickness, nor the variation of

the transverse shear deformations across the thickness of the shell can be taken into
account.

6. Concluding remarks

This paper investigates the middle surface of a shell in connection with the kine-
matical description of nonlinear shell theories. It is assumed that on the reference
middle surface the displacements and the rotations of the base vectors are finite,
whereas the strains are infinitesimal. A convected coordinate system attached to the
middle surface is employed.

On the deformed middle surface, the tangential base vectors and, therefore, the unit
normal are uniquely determined by the displacement field. To describe the rotation of
the base vectors on the middle surface in the deformation process, this paper applies
three rotation tensors.

There exist an infinitely large number of rotation tensors that rotate the unit
normal vector and the tangential base vectors of the reference surface into the unit
normal vector and tangent base vectors of the deformed middle surface. In this paper,
one of the rotation tensors describing the above mentioned rotation (R3) is chosen
in such a way that the azis of the rotation lies in the tangent plane of the reference
middle surface. Such a rotation tensor is uniquely defined by the displacement field
of the middle surface. The second rotation tensor (R,,) defined in the paper rotates
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the tangent base vectors obtained by rotation (Rs2) in the tangent plane of deformed
middle surface about its normal. This rotation is usually called drilling rotation in the
specialist literature. Both rotations mentioned are finite and yield a single rotation
(R* = R, - Ry). The azis of the third rotation tensor (R) lies in the tangent plane of
the deformed middle surface and performs an infinitesimally small rotation on the base
vectors obtained after the previous two rotations. The resultant rotation tensor thus
describes three, geometrically well identified (two finite and an infinitesimal) rotations
and can be given by the product of the three rotation tensors (R = Ry - R =R,-
R, R5). All the three rotation tensors are transformed onto the reference middle
surface in the paper (R = R* - Ry = Ry-R1-R;). The transverse shear strains on the
middle surface are obtained from the third, infinitesimally small rotation, whereas
the description of the transverse normal strain requires the introduction of another
parameter.

After describing the rotations of the base vectors, the complete three-dimensional
deformation gradient tensor, the Green-Lagrange strain tensor as well as the sym-
metric right Jaumann strain tensor on the middle surface of the shell are determined,
using the three-dimensional theory of deformation of solids. Due to the assumptions
(neglections) introduced by the paper, the Green-Lagrange and the Jaumann strain
tensors are identical on the middle surface.

The shell theory presented by this paper to investigate the middle surface of the
shell leads hence to a seven-parameter shell model. These parameters consist of the
three components of the displacement vector of the middle surface, one parameter of
the rotation tensor R,,, two parameters of the rotation tensor R, and the seventh
parameter is the transverse normal strain.
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Appendix A.

This appendix contains the proof of equation R, - Ro = Rs - R, where
R, =cosV I+ (1—cosd)nn+sind;nx I,
Ry =cos¥a I + (1 — costdz) ex ey + sintdg eax I,
Ry =cost I+ (1 —cosdy)agasg +sindyag x I,
n= R, a3 =cosdyaz +sintyr ey X as.

Since the arbitrary vector ¢ can be written in terms of three orthogonal unit vectors
ey X ag, €3, az as C = c1€z X as + cy ey + c3zag, it is to be pointed out that

En'RQ' (eg Xag) :RQ'Rl ~(62 Xag), (A].)
En . R2 s €9 = R2 . R1 - €9, (AQ)
En . RQ -az = R2 . R1 - as. (A3)

Indeed, the transformations can be detailed on the one hand as
R, Ry (ey xa3z) =R, -[cosVs (es x a3) —sinvqaz] =
= cost; [cost)s (e2xag) — sindqaz ]+
+ (1 — cos¥q) [sin ¥y (cos¥2az + sin¥aeq X az) — sin s (cos Joaz + sinvoes X ag) |+

+ sin ¥y (c052 9 €5 + sin® ¥y eg) ,

R, Ry-es=R, ey =
= cos ey + siny [costs (€2 X az) + sindqag ],
R, Ry -a3=R,-0i=T,
and, on the other hand, as
Ry R; - (ex xag) = Ry -[costh (e2 X ag) +sinthes] =
= cos¥s [cost) (e2 X ag) + sinthes ]+

(1 — costy) sindyez — sindy coshas,

Ry - R;-e3= Ry [costhies +sint) (az X e3)] =
= cos U3 [costes +sindy (ag x e3) ]+
+ (1 — cos1¥a) cos i ea + sin g sin ¥ as |

Ry R;-a3 =Ry -a3=n,
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i.e. conditions (A.1)-(A.3) hold.

Appendix B.

The positions of the base vectors with respect to each other do not change when they
are rotated. Hence, the following relations hold (for example):

k. xk, = (R*a,) x (R*-a;) = R* - (a, x a;), (B.1)
KoK= (RooX,) - (Reo T ) =
=k, k,=(R"-a,) (R -a;) =a, - a; = ank. (B.2)



